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Chapter 8: Application of Integrals

NCERT Exemplar - Class 12 - Maths

Questions

Question 1

Find the area of the region bounded by the curves y2 =9x, y = 3x.

Solution

X' (0, 0)

M

Given curves are y“ = 9x and y = 3x

Now, solving the two equations we have

(3%)2 = 9x
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9x2 = 9x

92— 9x=0=9x(x—1)=0

Thus, x=0, 1

So, the area of the shaded region is given by
= ar(region OAB) — ar (A OAB)

= ar (region OAB) - ar (AOAB)

= — jyf. dx = j\/‘)_l dx — ‘1[3.1' dx
0 0 0

2 lp

1 | 1 2
= 3_[\}.1' dJ:—B_[I d1'=3><:§[x3'2]u—3 L
0 0
. 3 3 301
= 2 _0]-210)? —=0]=2(1) -2 (1) =2 - 2 = sq. uni
2[(1y"2 -0 [0 =01=2(1) =2 (1) =2 = 5 =~ sq. units

Therefore, the required area is %2 sqg.units.

Question 2

Find the area of the region bounded by the parabola y2 = 2pXx, X2 = 2py.

Solution

Given parabolas are y? = 2px .... (i) and x% = 2py .... (i)

Now, from equation (ii) we have
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Al
y= x2/2p

Putting the value of y in equation (i), we have
(x2/2p)2 =2px
x4/4p2 = 2px
x4 = 8p3x
x4 — 8p3x =0
x(x®-8p3) =0
So,x=00rx>—8p3=0=x=2p

Now, the required area is
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= Al ea of the regicm (OCBA - ODBA)

2n
—IJZp dl-I—-dl- J_‘f\/_dl-"—-[lzd‘-.
__p 1 __p

I

7 21 23

mf
= P

p "“*’3—01——[(2;:):"—01

J_ 2\/_ -_p Sp

2 2 :
= —p° sq. units
3P‘ q

_8 2 8. 8
=3P g =P

= Area of the region (OCBA - ODBA)

2p . 2p 1 %
= IJpr dx — I‘—-d.'r = ./2;: Iﬁa‘rwg Il‘zdl‘
0

Zp 2 ""—l )

2p 3
=S plen-0- o ~(2p) -0

8
E.p —Ep 6 3p Sq. units

Therefore, the required area is 4/3 p2 SQ. units.

Question 3

Find the area of the region bounded by the curve y = x3 and y=x+6andx=0.
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Solution

y=X+6

Xl

arey=x3,y=x+ 6and x=0

On solving y = x3 and y = x + 6, we have
x3=x+6

x3-x-6=0

X2(X —2) + 2X(Xx — 2) + 3(x = 2) = 0

(x=2) (x2+2x+3)=0

It's seen that x2 + 2x + 3 = 0 has no real roots
So, x = 2 is the only root for the above equation.

Now, the required area of the shaded region is given by
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Il

|

—

_T(.t' +6)dx - }.1‘34:1.\:
0 0

— _J 2 1

- 412
N
- 1} 4[1 5

4

4.0 Loy
2+12] (0+0)=21(2)" - 0]

\

14 —-%x 16 =14 - 4 =10 sq. units.

Question 4

Find the area of the region bounded by the curve y2 =4x and x% = 4y.
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Solution

XI

Y' Given curves are
y2 =4x ... (i) and X2 = 4y ... (i)

On solving the equations, we get

From (ii),

y = x2/4

Putting value of y in (i), we have

(x2/4)? = 4x

x*116 = 4x

x4 = 64x

x* - 64x =0

So,x=0, 4
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Now, the required area is the shaded region

4

4 2 4 4
Required area = J.JH dx - j% dx = 2_[\/:1_' dx - i J.IE dx
0

=2, —I m][}—— —[1 ]n

4 a2 oy s 4 1
—3[(4) 0] 121(4) 01—3[3] 12|64]

32 16 16 .
= = 5q. units

"3 3 3

Question 5

Find the area of the region included between y2 =9 and y =x
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Solution

xr

Yl

Given curves

are y’> =9x and y = x

Solving the above equations, we have
X2=9x=>x2-9x=0

Xx-9)=0

So,x=0,9

Now, the required area is
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= jl JOx dx - T.r dx = 3? Jx dx - j1 dx
{) 0 0 0

2 3/2¢9 1 249
=3.—|x - =[x
3I lo > I

= 2/(9)"'2 ~0] - %lwf ~0)

81 108 - 81

=2(2?)——%(81)=54— ) >

—2—? sq. units
p >4

Therefore, the required area is 27/2 sq. units.

Question 6

Find the area of the region enclosed by the parabolax2 =yand theliney=x+2
Solution

Given, equation of parabola X2 = yandliney=x+2

Solving the above equations, we get

X2 =Xx+2

x> -x-2=0

X2 —2X+x-2=0

X(x=2)+1(x-2)=0

x+1)(x-2)=0

So,x=-1,2

Now,
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Graphof y=x+2
X 0 -2
y 2 0

Area of the required region

2 2 2 2 :
= I(l‘+2)d1-_ ij d.‘l‘=|:'—+2.1':| __Il_;; 31
-1 -1 -1 3

2
4 1 1 ’
=|=+4|-|==-2]||-=[8-(-1 Y'
[[2+ ] (2 )] 58]
=(6+g)_%(9)=§_3=%5q.units

Y

Y

Therefore, the area of the required region is 9/2 sq. units.

Question 7

Find the area of region bounded by the line x = 2 and the parabolay2 =8x
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Solution

Yy

Given, equation of line x = 2 and parabola y2 = 8x

Putting value of x in the other equation, we have

y% =8(2)
y2=16
So,y=%4

Now, the required area is
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2 2
= 2]@ dv=2x22 j'J.? dx
0 0
F;, 2
= 4./2 X E[IR' ']u

8"r_[(::”| 8‘/_ X 242 = -—-:-.q units

Therefore, the area of the region = 32/3 sqg. units

Question 8

Sketch the region {(x, 0) : y = V(4 - xz)} and x-axis. Find the area of the region using integration.
Solution

Given, {(x, 0) : y = V(4 — x2)}

So,y?=4—x°

x? +y2 = 4 which is a circle.

Now, the required area
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= 2. |Ja=1% dx

=t 10

[Since circle is symmetrical about y-axis]

2
=2. j N
0
- M2
=2. X 4-x° +£sin"-’l:l
2 2 2 1o
(2 .
= > 4 -4 +2sin (1)]—([]4»0)}
L\

=22 g]= 21 sq. units

Y
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Question 9

Calculate the area under the curve y = 2 Vx included between the lines x = 0 and x = 1.

Solution

Given the curves y=2x, v=0andx = 1.

y=2Jx = y*=4x (Parabola)

|
Required arca = J[Ev‘q ) dx
0
21 4t
=2x—|x"" o
X3 [v¥2]
4
=L -0]
4 sq. units
354 ‘

4
Thus, required area = 3 5% units.

YA
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Question 10
Using integration, find the area of the region bounded by the line 2y = 5x + 7, x-axis and the lines x = 2
and x = 8.

Solution

Given, 2y =5x + 7, x-axis, x =2 and x = 8

Let's draw the graph of 2y =5x + 7 =y = (bx + 7)/2
x 1 -1

y 61

Now, let’s plot the straight line on a graph with other lines.

L

X' O| x=2 x=8 X

Yi’

The area of the required

region is
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5y +7 1 8
(1— ) dy =— [E X%+ ?1‘]
2 212 )

5
5(64—4)+7(8—2)j|

I

ll

%x60+?x6}=%[150 + 42]

I

N R N

X 192 =96 sq. units

Therefore, the required area the region = 96 sq. units

Question 11
Draw a rough sketch of the curve y = V(x - 1) in the interval [1, 5]. Find the area under the curve and
between the lines x =1 and x = 5.

Solution
Given curve y =V(x — 1)
= y2 =x-1

Plotting the curve and finding the area of the shaded region between the lines x = 1 and x = 5, we have
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Yr

Area of the required region

=j: v—=Tdx

1
=‘§[(I _-1)3f2:|‘:
:%[(5_1)352 _0]:_2_'_;)((4)312
=3 8=%sq. units

Therefore, the area of the required region = 16/3 sq.units

Question 12

Determine the area under the curve y = w/(z:t2 - xz) included between the lines x = 0 and x = a.
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Solution

Given curve y = \/(a2 —x2) andlinesx=0and x=a

y=v(@%-x3)=y?=a%-x?

x% +y? = a which is equation of a circle.

Now, the required region is found by plotting the curve and lines.

So, the area of the shaded region is

i

2[(1)”—0]—-[(1) 0]

p
\ @ . X
= Ja’—x* +—sin =
2 2

g alo

’ A 2

i a° X

—Ja® —x* +—sin™ =

| 2 2 aldo

[ a*

@t =0 b —gin = =0=0
| 2 2 a

2 2 2
a a° | ma
—sin~ {1)—— —_—=—

- S 4

Therefore, the required area = na2/4
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Question 13
Find the area of the region bounded by y =vVx and y = x.

Solution

YA

Yl

Given equations

of curve y = Vx and line y = x

Solving the equations y = Vx = y2 =xandy = x, we get

X =X
X2 —x=0
X(x=1)=0
So,x=0,1

Now, the required area of the shaded region
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1 1

=I\E dx - I.T dx

0 1]

20 a1t A7 .
=5[A‘3‘]:}—5[x‘];
()2 =01 = [()? -0}

1 4-3 1 .
—— = —— = —sq.units
2 6 6

_

(YN SN

Therefore, the required area = 1/6 sq.units.

Question 14

Find the area enclosed by the curve y = -x2 and the straight-linex +y +2 = 0.

Solution

Given curve y = —x? or x° = —yandthelinex+y+2=0
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XI

X+y+2=0

2 —
X-=-y Y'Y
Solving the two equation, we get
X—X°+2=0
X2 -x-2=0
X2 —2Xx+x-2=0
X(x-2)+1(xx-2)=0
x=-2)(x+1)=0
So,x=-1,2
Now,

The area of the required shaded region
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2

[ (-x=2)dx- T -x? dx
=

- 2 2

X 11 312

- —+2x] +—|x")_
1 3[

2

:(%-:-4] —(%-2]]+l(8+1)‘
—(6+3)+1(9)‘ = |—E+3

2 2
—15+6| ‘

=— sq units

I

2 2
[(ma=2)dv = [—x?dx
-1 -1

I

32 ’ 11 312
- '—+2.1':I +—[1‘3__;
-1

| 2 3
= |- (E+4)—(1—2] +l(8+])|
\2 2/
3
=|- 6+2)+ (9)| = l——+3
-15+6 |
= ——sq units

Therefore, the required area = 9/2 sqg.units

Question 15

Find the area bounded by the curve y = Vx, x = 2y + 3 in the first quadrant and x-axis.
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Solution

Given curve y = Vx and line x = 2y + 3, first quadrant and x-axis.

Solving y = Vx and x = 2y + 3, we get
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y=J2y+3 = y*=2y+3
y:—2y—3=ﬂ => y2—3y+y—3=[}
Wy-3)+1(y-3)=0
(y+1D(y-3)=0
Soy==1,3
The area of shaded region

3 3
- fey+ay-fyiay
4] 0

5 3
_| Y Ir a7?
_[2?'{'33»‘]“_5[!/ ]u
=[(9+9)-(0+0)] =3 [27 ~0]

=18 -9 =9 sq. units

Thus, the required area =9 sq. units,

Long Answer (L.A.)

Question 16
Find the area of the region bounded by the curve y? = 2x and x? + y? = 4x.

Solution

Given equation of curves are y? = 2x and x? + y? = 4x

Solving the equations, we have

X2 — 4x + y2 =0

X2—Ax+4-4+y%2=0

(x-22+y?=4

It's clearly seen that the equation of the circle having its centre (2, 0) and radius 2.

Solving X2 + y2 =4x and y2 = 2X
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X2 + 2x = 4x
Y
X« X
0 (2,0)
Y X2 +2x—4x =0
x2-2x=0
X(x=2)=0
So,x=0,2

Now, the area of the required region is given as

Area of the required region
2 2
= 2[N4— (x-2)7 dv - [V2x dx]
0 0
[ .. Parabola and circle both are symmetrical about x-axis.]
4 . x-27 2 3272
2)* +—sin”’ ] — 2425 [x2
" 2 o 30

=2[(0+0) = (0 +25in"'(-1):|-£|2 - 0]

=—2x2.(—;) N2 55

—Zn&l;-.?(nug]sq units

_o X—-2
2

8
Thus, the required arca = 2 (ﬂ: = 5] sq. units.
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Question 17

Find the area bounded by the curve y = sin x between x = 0 and x = 2p.

Solution
b 2R
Required area = Isin xdx + I |sin .1‘| dx
0 n

=—[cos x|} +|(~ cos x)[i“ = —[cos m — cos 0] + [cos 2n — cos 7]
==[=1=1]+[1+1]=2+ 2=4sq. units

XI'

Yl’
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