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Chapter 6: Application of Derivatives

NCERT Exemplar - Class 12 - Maths

Questions

Question 1
A spherical ball of salt is dissolving in water in such a manner that the rate of decrease of the volume
at any instant is proportional to the surface. Prove that the radius is decreasing at a constant rate.

Solution
Given, a spherical ball of salt
Then, the volume of ball V = 4/3 ird where r = radius of the ball

Now, according to the question we have

dV/dt « S, where S = surface area of the ball

g; (g,m:‘ ) oc 47r? [ S=dnr?]
irt .31 A 4mr?

3 dt

der> .ij_:': K-4rr® (K = Constant of proportionality)
Ef: _K. dmr’

dt 4mr?

ar _g.1=x

dt

Therefore, the radius of the ball is decreasing at constant rate.

Question 2
If the area of a circle increases at a uniform rate, then prove that perimeter varies inversely as the

radius.
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Solution

We know that the area of circle, A= nrz, where r = radius of the circle
And, perimeter = 271tr

According to the question, we have

dA

dt

d 5 dl"
— L w?) =K A PR v
) AT

= K, where K = constant

il

dr K

E 2mnr

Now, perimeter ¢ = 2nr

]

So,

Differentiating w.r.t t, we get

de d dc dr

i ) = gt

dc K K

T = ZJ'CEE—T IFIDITI (1”
1

dt r

Therefore, it's seen that the perimeter of the circle varies inversely as the radius of the circle.

Question 3

A kite is moving horizontally at a height of 151.5 meters. If the speed of kite is
10 m/s, how fast is the string being let out; when the kite is 250 m away from

the boy who is flying the kite? The height of boy is 1.5 m.
Solution

Given,
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Height of the kite(h) = 151.5 m

Speed of the kite(V) = 10 m/s
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Let FD be the height of the kite and AB be the height of the kite and AB be the height of the boy.

Now, let AF =x m

So, BG =AF =X

And, dx/dt = 10 m/s

From the figure, it's seen that

GD = DF — GF = DF — AB

= (151.5 — 1.5) m = 150 m [As AB = GF]
Now, in A BDG

BG? + GD? = BD? (By Pythagoras Theorem)
X2 + (150)2 = (250)2

x? + 22500 = 62500

x? = 62500 — 22500 = 40000

x=200m

Let initially the length of the string be y m
So, in A BDG

BG? + GD? = BD?

X2 + (150)2 = y?

Differentiating both sides w.r.t., t, we have
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dx dy { dx ]
2v-—+0 = 2y-— w —=10m/s
dt J dt p dt /
2% 200 x 10 = 2xzsnxd_3:
@' _ 2)(2{][1)(1{]:81“!5
dt 2 x 250

Therefore, the rate of change of the length of the string is 8 m/s.

Question 4

Two men A and B start with velocities v at the same time from the junction of
two roads inclined at 45° to each other. If they travel by different roads, find

the rate at which they are being separated.

Solution

Let’s consider P to be any point at which the two roads are inclined at an angle of 45°.

Now, two men A and B are moving along the roads PA and PB respectively with same speed V'.

['I'

A B

Q And, let A and B be their final positions such that AB =y

LAPB = 45° and they move with the same speed.
So, AAPB is an isosceles triangle.

Now, draw PQ L AB.

We have, AB =y

So, AQ =y/2 and PA = PA = x (assumption)

And, LAPQ = £LBPQ =45%2 =225°
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Now, in right AAPQ

sin 22.5° = AQ/AP

Yy
2 N
= sin 22 %“’ = —%— = 2‘!—1 = y= 2x-sin 225"
Differentiating both sides w.r.t, t, we get
&y = Z-E-sin 22-1"'
dt dt 2
[2 - 2-2
= 2.\;.2—\5 ['.'SinZZl":—f
2 2 2

V2 - V2 V unit/s

Therefore, the rate of their separation is

Jz-ﬁ_ V m/s

Question 5

Find an angle q, 0 < q < /2, which increases twice as fast as its sine.
Solution

According to the question, we have

do d .
T ZE(smEl)
do
=E=2c059~@ = 1=2cos 6
1
So,cosB = - = c059=c05£=>9=E
2 3 3

Therefore, the required angle is 11/3.
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Question 6

Find the approximate value of (1.999)5.

Solution

(1.999)° = (2 — 0.001)°

Let x =2 and Ax =-0.001

Also, lety = x°

Differentiating both sides w.r.t, X, we get

dy/dx = 5x* = 5(2)* = 80

Now, Ay = (dy/dx). Ax = 80. (-0.001) = -0.080
And, (1.999)° =y + Ay

=x®-0.080 = (2)°> — 0.080 = 32 — 0.080 = 31.92

Therefore, approximate value of (1.999)5 is 31.92

Question 7
Find the approximate volume of metal in a hollow spherical shell whose internal and external radii are 3
cm and 3.0005 cm, respectively.

Solution

Given,

The internal radius r =3 cm

And, external radius R =r + Ar =3.0005 cm

Ar = 3.0005 — 3 = 0.0005 cm
Lety =r3 =y + Ay = (r + Ar)® = R3 = (3.0005)3

Differentiating both sides w.r.t., r, we get
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d
dr 0
So, Ay = E'i x Ar = 3r” x0.0005
: v
= 3 % (3)* x 0.0005 = 27 x 0.0005 = 0.0135

~ (3.0005) = y + Ay [From eq. (/)]

(3)* + 0.0135 = 27 + 0.0135 = 27.0135

4
Volume of the shell = EHIRS -r’]

4
En [27.0135 - 27] = %n x 0.0135

= 4r = 0.005=4x3.14x0.0045=0.018 tcm?

Therefore, the approximate volume of the metal in the shell is 0.018Tt cm?3

2
1=
3

|
5=
3

Question 8
A man, 2m tall, walks at the rate of m/s towards a street light which is m above

the ground. At what rate is the tip of his shadow moving? At what rate is the length of the

31
3

shadow changing when he is m from the base of the light?
Solution

Let AB is the height of street light post and CD is the height of the man such that

AB =5(1/3) =16/3mand CD=2m
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Let BC = x length (the distance of the man from the lamp post)
And CE =y is the length of the shadow of the man at any instant.
It's seen from the figure that,

A ABE ~ A DCE [by AAA similarity criterion]

Now, taking ratio of their corresponding sides, we have

AB  BE AB BC+ CE

CD CE CD CE

16/3  x+y 8 Xx+y
— - — =

2 y 3 I
8y=3x+3y = 8y-3y=3x =5y=3x

|

Differentiating both sides w.r.t, t, we have

5.ﬁ=3.ﬁ
dt dt

:ﬁ_é_ﬁ ﬂdy_3(12)_3 [—5)
dt 5 di it 5 3) 503

[ man is moving in opposite direction]
=-1m/s

So, the length of shadow is decreasing at the rate of 1 m/s.
Now, letu=x+vy
(where, u = distance of the tip of shadow from the light post)

On differentiating both sides w.r.t. t, we get

52
3
du  dx fi
dat dt dt
= [_]g_]]= -(§+1)=-§=-23mls
3 3
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Therefore, the tip of the shadow is moving at the rate of m/s towards the light post and the length of

shadow decreasing at the rate of 1 m/s.

Question 9

A swimming pool is to be drained for cleaning. If L represents the number of litres of water in the pool t

seconds after the pool has been plugged off to drain and L = 200 (10 - t)z. How fast is the water
running out at the end of 5 seconds? What is the average rate at which the water flows out during the
first 5 seconds?

Solution

Given, L =200(10 — t)2 where L represents the number of liters of water in the pool.
On differentiating both the sides w.r.t, t, we get

dL/dt = 200 x 2(10 —t) (-1) = -400(10 —t)

But, the rate at which the water is running out

= -dL/dt = 400(10 — t)

Now, rate at which the water is running after 5 seconds will be
=400 x (10 — 5) = 2000 L/s (final rate)

T = 0O for initial rate

= 400 (10 — 0) = 4000 L/s

So, the average rate at which the water is running out is given by

= (Initial rate + Final rate)/ 2 = (4000 + 2000)/ 2 = 6000/2 = 3000 L/s

Therefore, the required rate = 3000 L/s

Question 10
The volume of a cube increases at a constant rate. Prove that the increase in its surface area varies
inversely as the length of the side.

Solution

Let's assume x to be the length of the cube.

ExamElite - examelite.com Page 9 of 47



ExamElite - Textbook Solutions examelite.com

So, the volume of the cube V = x5 ... Q)

Given that, dV/dt = K

Now, on differentiating the equation (1) w.r.t. t, we get
dV/dt = 3x2. dx/dt = K (constant)

So, dx/dt = K/3x?

Now,

Surface area of the cube, S = G

Differentiating both sides w.r.t. t, we get

ds dx K

— =6-2.x.— =12x - —

at dt 312

ds

as _ K = s 1 (4K = constant)
dt X dt h§

Therefore, the surface area of the cube varies inversely as the length of the side.

Question 11

x and y are the sides of two squares such that y = x - x2. Find the rate of change of the area of second

square with respect to the area of first square.

Solution

Let’s consider the area of the first square A, = X2

And, area of the second square be A, = y2

Now, A; = x? and A, = y2 =(X- x2)2

Differentiating both A; and A, w.r.t. t, we get
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dA;
dt

= 21'-ﬁ and _‘ff_";
dt

dA, 2 dx
< 2(x-x7)(1-2x)-—
Thus, A2 4t (X =) ) dt

dA, A, ) 2y - dx
dt dt

'.- _.. ‘1_ r.

1=00=29 0y a-2y
A

1-2v—y+ 202 =2¢2 -3y + 1

I

= 2(x - x%)(1-2x)- -'g'f;l

examelite.com

Therefore, the rate of change of area of the second square with respect to first is 2x% - 3x + 1.

Question 12

Find the condition that the curves 2x = y2 and 2xy = k intersect orthogonally.

Solution

It's seen that the given curves are equation of two circles.

We know that, two circles intersect orthogonally if the angle between the tangents drawn to the two

circles at the point of their intersection is 90°.

Now, differentiating equations (1) and (2) w.r.t. t, we get

ExameElite - examelite.com
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21 = 2:;-d—y = d_y:l = M =—
T odx dx y ]
(1, = slope of the tangent)
=5 2xy =k
dy
= 2|x-—=—+y-1( =0
dx
dy _ Yy y
—— B ::; e —
dx X = '

[, = slope of the other tangent]
If the two tangents are perpendicular to each other,
then ny X, = =1

= lx(_i]-_-_] :,‘.l=l = x=1
y

X X
21 = 2:;-d—y = d__l;:l = m=—
T odx dx y ]
(11, = slope of the tangent)
= 2vy =k
i
= 2|x-—=—+y-1[ =0
dx
dy _ Yy y
—_ = . -
dx X 2 '

[n1, = slope of the other tangent]
It the two tangents are perpendicular to each other,

then ny X, = =1
—t l}((_i] = -1 = l =] = x=1
y X X

Now, solving equations (1) and (2), we have
y = k/2x [From (2)]

Putting the value of y in equation (1),
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2x = (k/2x)% = 2x = k2/4x2

8x3 = k2
8(1)3 = k?
k?=8

Therefore, the required condition is k?=8.

Question 13

Prove that the curves xy = 4 and X2 + y2 = 8 touch each other.

Solution

Given curves are equations of two circles,

Different equation (i) w.r.t., x

ExameElite - examelite.com
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dy
V-——+1y-1=0
dx dJ
:._y:_[i =‘”11:-£
dx Y \

where, n, is the 5'I0pu of the tangunt to the curve.
Differentiating eq. (i) w.r.t. x

d X -
&y dy _ X = M= -
dx dx i -
where, 11, is the slope of the tangent to the circle.
To find the point of contact of the two circles

2x+2y - =) =

=

! X
nmy, =m, = A 2=y
. ¥

Putting the value of y* in eq. (i)
Vel =8o20%=8 = x?=4

Thus, X=x2

And, =y’ = y=+2

Therefore, the point of contact of the two circles are (2, 2) and (-2, 2).

Question 14

i)

examelite.com

Find the co-ordinates of the point on the curve Vx + vy = 4 at which tangent is equally inclined to the

axes.

Solution

Equation of the curve is given by, Vx + Vy = 4

Now, let (x4, y;) be he required point on the curve
So, Vx; +Vy; =4

On differentiating on both the sides w.r.t. x;, we get
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]

d d d
= = (@)
1L1

dx, dx,
di
2,/- +2,/ 'dj-l -0
iy dy
1 dy, -0 dy, = W (0)

= = _¥1 =
J_ Jui ax, dy,  Ju

Since the tangent to the given curve at (x,, y,) is equally

inclined to the axes.

. Slope of the tangent m = ttan E =1
So, from eq. (i) we get dx,

—

~X2) =31

ﬁ

On squaring on both the sides, we get

yilxp=1=y1=x1

Now, putting the value of y1 in the given equation of the curve.
Vx; +Vy; =4

VX1 + VX1 =4 =22Vx;=4=2Vx;=2=x,=4

Asy; =Xq

=y =4

Therefore, the required point is (4, 4).

Question 15
Find the angle of intersection of the curves y =4 - x? and y= X2,
Solution

The given curves are y = 4 -x% ... ()andy = X2 ... (i)
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And, we know that the angle of intersection of two curves is equal to the angle between the tangents

drawn to the curves at their point of intersection.

Now, differentiating equations (i) and (ii) w.r.t x, we have
dy/dx = -2x = m = -2x

m1 is the slope of the tangent to the curve (i).

and dy/dx = 2x = m, = 2x

m, is the slope of the tangent to the curve (ii).

So, my =-2x and m, = 2x

On solving equation (i) and (ii), we get
4-x2=x222x%2=4>%x2=2=x=14/2

So, my =-2x =-2V2 and m, = 2x = 2v2

Let 6 be the angle of intersection of two curves

So, tan = |2~
1+ mym,
| o2v2e2v2 | |42 |4V2 |42
1-(242)(2v2)| [1-8| | -7 7

(42

Therefore, the required angle is tan™ | ——

Question 16

Prove that the curves y2 =4x and x? + y2 - 6x + 1 = 0 touch each other at the point (1, 2).

Solution

Given curve equations are: y2 = 4x .... (1) and x2 + Y2 = 6x+1=0 ..... (2)
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Now, differentiating (i) w.r.t. X, we get

2y.(dy/dx) = 4 = dy/dx = 2/y

Slope of tangent at (1, 2), m; =2/2=1

Differentiating (ii) w.r.t. x, we get

2X + 2y.(dy/dx) -6 =0

2y. dy/dx = 6 — 2x = dy/dx = (6 — 2x)/ 2y

Hence, the slope of the tangent at the same point (1, 2)
>m,=(6-2x1)/(2x2)=4/4=1

It's seen that m; = m, = 1 at the point (1, 2).

Therefore, the given circles touch each other at the same point (1, 2).

Question 17

Find the equation of the normal lines to the curve 3x2 - y2 = 8 which are parallel to the line x + 3y = 4.

Solution

Given curve, 3x2 -y =8

Differentiating both sides w.r.t. X, we get

6x — 2y. dy/dx = 0 = -2y(dy/dx) = -6x = dy/dx = 3x/y

So, slope of the tangent to the given curve = 3x/y

Thus, the normal to the curve = -1/(3x/y) = -y/3x

Now, differentiating both sides of the given line x + 3y = 4, we have
1+ 3.(dy/dx) =0

dy/dx = -1/3

As the normal to the curve is parallel to the given line x + 3y = 4

We have, -y/3x =-1/3 =y =X
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On putting the value of y in 3x2 — y2 = 8, we get
3x?-x?=8

2x2=8=ox2=4>x=42

So,y=4%2

Thus, the points on the curve are (2, 2) and (-2, -2).

Now, the equation of the normal to the curve at (2, 2) is given by

y—2=—%(1‘—2)
= Jy-6=-x+2 = x+3y=8
at (-2, -2) y+2=-—-§(1‘+2)
=> 3y+b6=-x-2 = x+3y=-8

Therefore, the required equations are x + 3y = 8 and x + 3y = -8.

Question 18

At what points on the curve X2 + y2 - 2x -4y + 1 = 0, the tangents are parallel to the y-axis?

Solution

Given, the equation of the curve is X2 + y? - 2x -4y +1=0 ..... (i)

Differentiating both the sides w.r.t. x, we get
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f-U dy _
2042y —=-2-4.
S dx
- oy g o W22
=(2y - )E =2-2v = - g (i)
Since the tangent to the curve is parallel to the y-axis.
= Slope j—y = tang=m=%
So, from eq. (if) we get !
2-2x
-——l=h1 = 2y—-4=0 = y=2
2y-4 0

Now putting the value of y in equation (i), we get
X2+ (22-2x-8+1=0

X2 —2X+4-8+1=0

X2 —2x—3=0=>x2-3x+x-3=0
X(Xx=3)+1(x—=3)=0=>(x-3)(x+1)=0
Xx=-1lor3

Therefore, the required points are (-1, 2) and (3, 2).

Question 19

Show that the line x/a + y/b = 1, touches the curve y = b . e/ at the point where

the curve intersects the axis of y.

Solution

Given curve equation, y=b . e/ and line equation x/a +y/b =1

Now, let the coordinates of the point where the curve intersects the y-axis be (0, y;)

Now differentiating y = b . e*/@ poth sides w.r.t. X, we get
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d_y - b . E—.'l.-.l'ﬂ (_l) — ..E ) E'_I'Iﬂ

dx a a
So, the slope of the tangent, m; = b e ",
. a
Differentiating - + _'ﬁ. =1 both sides w.r.t. x, we get
a
l + l . d_y =)
a b dx
~b
50, the slope of the line, m, = —
If the line touches the curve, then m; = m,
__b_ L pmXla _ __I{ — e—.‘lﬁ"ﬂ =1
a a
— log e =log 1 (Taking log on both sides)
a
-X

— =0 = x=0

a
Putting x =0 inequationy=5b-¢ *°
= y.."'_-. b.l_ruzb
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Y _ . v [_ 1 ) __b v

dx a a
So, the slope of the tangent, m; = b e ",
Differentiating '-; + -ﬂ- =1 both sidcsﬂw.r.t. X, we get
.
50, the slope of the line, m, = _?b
If the line touches the curve, then m; = m,
l;i log e =log1 (Taking log on both sides)
=<0 = x=0

Putting v=0in equationy=5b-¢ *°
= y=b-e'=b

Therefore, the equation of the curve intersects at (0, b) which is on the y-axis.

Question 20

Show that f (x) = 2x + cotlx + log [V(1 + x2) - x] is increasing in R.
Solution

Given,

f(x) = 2x + cotL x + log [V(1 + x2) — X]

Differentiating both sides w.r.t. X, we get
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d
.r_. =2_ + —
f) 1+x% 142 oy

=2- + '
1427 J1+22 =x
, ] v — 1+ 12
=2- +

2

1+ \/1+1’2 (-J1+1'2 —I)

S B

1+x% 1442
For increasing function, f'(x) 20

, 1 1

=
1+2° ,}1+:r2_U

examelite.com

2 [ 2
+a7) -1+ .
2(1+x7) - T+y1+x >0 = 2+2x2—1+1/1+x22l1

(1+x%)

23;3+]+,,"1+:¢c2 >0 = y¢+12 —q./1+.*c2

On squaring both the sides, we get
A+ 1+4x%21+x°

Ax* +4x% - x>0

4x* +3x% 20

X%(4x% +3) =0

The above is true for any value of x € R.
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Therefore, the given function is an increasing function over R.

Question 21

Show that for a ® 1, f (x) = V3 sin x — cos x — 2ax + b is decreasing in R.
Solution

Given,

f(x)=V3sinx—cosx—2ax+b,a31l

On differentiating both sides w.r.t. X, we get

f'(x) = V3 cos x + sin x — 2a

For increasing function, ' (x) <0

So, J3cosx+sinx-2a <0
2[‘5 1

—cosX+—sinx |[=2a <0
2 2 )

ﬁc0‘1'+ 1 sinxy—a < ()
—COS X + — Yr—a <
2 2

n R
COs -l;)—ms 1+ sin -gsm X|l=a <0

cns(n' —E)— a <)
6

As cosxe |-1,1]anda=1
Hence, f(x) <0

Therefore, the given function is decreasing in R.

Question 22

Show that f(x) = tan‘l(sin X + cos x) is an increasing function in (0, Tt/4).

Solution

Given, f(x) = tan‘l(sin X + cos x) in (0, 1t/4).
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Differentiating both sides w.r.t. X, we got

(x)= 1 M (sin x + cos x)
Fe 1+ (sin x+ cos x)°  dx ' '

1% (cos x —sin x)

)= :
A 1+ (sin x + cos :u:)2
. COS X —SIin X
f’(I)= ~ o 3 -
I+sin“x +cos” x+2sinXxcosx
, COs X —sinx , COS X —sin X
= ()= = f(x)=

1+1+2sinxcosx 2+2sinxcosy

For an increasing function f(x) = 0
COS X = sin X

2+ 2 sin X COs X

oS\ —sin x>0 [ (2 +sin 2v) 20 in [0, -E)]

So

2

—_

: . T
= ¢0s x = sin x, which is true for (U, 1)
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: 1 d .

f(x)= - —-—(sin X + cos x)
: 1+ (sin x+ cos x)° dv

F) 1% (cos x —sin x)

X)= :

: 1 +(sin x + cos 1‘)2

. COS X —Sin XY
fv)= - 2 2 .

I +sin” x +cos” x +2sin X cos x
) COS X — Sin X , COS X —sin X
= flx)= = f()=

1+142sinxcosx 2+2sinxcosy
For an increasing function f'(x) =0
COS ¥ —sin X
> : =)
2+ 2sin X Cos X

T
cosv—siny >0 [ (2+sin2y)20iIn [O, IJ]

So

: S T
= ¢os x = sin x, which is true for (0, E)

Therefore, the given function f(x) is an increasing function in (0, 1t/4).

Question 23

At what point, the slope of the curve y = - x3 + 3x2 + 9x - 27 is maximum? Also find the maximum

slope.

Solution

Given, curve y = — x3 + 3x% + 9x — 27
Differentiating both sides w.r.t. X, we get
dy/dx = 3x2+6x+ 9

Let slope of the curve dy/dx =z

S0,z =-3x?+6x+9

Differentiating both sides w.r.t. X, we get

dz/dx = -6x + 6
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For local maxima and local minima,

dz/dx =0

-6x+6=0=x=1

d?z/dx? = -6 < 0 Maxima

Putting x = 1 in equation of the curve y = (-1)2 + 3(1)% + 9(1) — 27
=-1+3+9-27=-16

Maximum slope = -3(1)% + 6(1) + 9 = 12

Therefore, (1, -16) is the point at which the slope of the given curve is maximum and maximum slope =
12.

Question 24

Prove that f (x) = sin x + V3 cos x has maximum value at x = 11/6.
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Solution

i . 3
GIVE]_'[, f('t) = SIN X+ ﬁ COs X = 2[%5“11’4’%(3051']

]

Z(COSESin 1:+sin£c05 1') = 251n[r+£)
3 ' 3 ' 3
f(x) = 2::05(.1: +§J; f7(x)= —2sin (1’+%)
r* R n
X = _2sgin| —4+—
0 )I:_,E sm(6 3]
= _zsing =—2.1=-2<0 (Maxima)

V3

- _2x?. = —V/3 <0 (Maxima)

43

i . T
Maximum value of the function at y = E is

T n 1 \/5
in— 3 —_=— 3.—=2
sm6+\f_c:056 2+\/_ 5
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GIVEII_., f('l,) = SInN XY+ \fi COos XY = 2(%5“11 ‘1‘%{3051’]

]

w . . T . 18
Z(COS — sin X + sin — Cos .1'] = 2 sin [.1' + —J
3 3 3

f(x)=2 CDS(I + %J ; f7(x)= —2sin (I * %)

My = A [RLW
f (1)1:-’5 251n[6+3]

= -2 Si“g =-2.1=-2<0 (Maxima)
V3

0

- ~—2><-? = —+3 <0 (Maxima)
Maximum value of the function at y = g is
T n 1 \E
sin-—+\f§c05-=-+\@.——=2
6 6 2 2

Therefore, the given function has maximum value at x = 11/6 and the maximum value is 2.

Long Answer (L.A.)

Question 25
If the sum of the lengths of the hypotenuse and a side of a right angled triangle is given, show that the
area of the triangle is maximum when the angle between them is 1t/3.

Solution

A

C
Let AABC be the right-angled triangle in which £ZB = 90°
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LetAC=x,BC=y

S0, AB = V(X2 + y?)
LACB =6

Let z =x +y (given)

Now, the area of AABC =% x AB x BC

ExamElite - examelite.com Page 29 of 47



ExamElite - Textbook Solutions examelite.com

1 3 2 1 SR
= A= Cyyvoy = A-gy*J(Zw) —Y

Squaring both sides, we get
2 2 1 2
AT = ;}y? (Z-y) -y? ]| =A% Eyzlz2 +yt =22y -y’

So, P = %yz (Z* -2Zy] =P = %Ifzz — 27y [A2=P]

Differentiating both sides w.r.t. y we get

ap-_ 1[2y22~62y2| D)

dy
For local maxima and local minima, jP 0
Y
: —(zjzz—szyz) = ()

2yZ
J (Z-3y) =0 = yZ(Z-3y)=0
yZ# 0 (~ y#0and Z#0)
Z=-3y=10

X
y= % = Y= 3"" (v Z=x+y)
3_;—1+_,r = 3Jy-y=x = 2y=x

1

= 059—5

- = =
WA mt-—i

Thus, ©

2

-l-

Differentiating eq. (1) w.rnt. y, we have — = %
dy’
d’ Z 1 [
saty= —[2Z2% -12Z- J
ay? Y :

[2Z% - 12Zy]

= [2z2 -47%) =

Il

axima
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1 3 2 1 SR
= A= Cyyvoy = A-gy*J(Zw) —Y

Squaring both sides, we get
2 2 1 2
AT = ;}y? (Z-y) -y? ]| =A% Eyzlz2 +yt =22y -y’

So, P = %yz (Z* -2Zy] =P = %Ifzz — 27y [A2=P]

Differentiating both sides w.r.t. y we get

ap-_ 1[2y22~62y2| D)

dy
For local maxima and local minima, jP 0
Y
: —(zjzz—szyz) = ()

2yZ
J (Z-3y) =0 = yZ(Z-3y)=0
yZ# 0 (~ y#0and Z#0)
Z=-3y=10

X
y= % = Y= 3"" (v Z=x+y)
3_;—1+_,r = 3Jy-y=x = 2y=x

1

= 059—5

- = =
WA mt-—i

Thus, ©

2

-l-

Differentiating eq. (1) w.rnt. y, we have — = %
dy’
d’ Z 1 [
saty= —[2Z2% -12Z- J
ay? Y :

[2Z% - 12Zy]

= [2z2 -47%) =

Il

axima
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Therefore, the area of the given triangle is maximum when the angle between its hypotenuse and a

side is 11/3.

Question 26
Find the points of local maxima, local minima and the points of inflection of the function f (x) = x° - 5x4

+5x3 - 1. Also find the corresponding local maximum and local minimum values.
Solution

Given, f(x) = x° —5x* +5x3 -1

Differentiating the function,

f(x) = 5x* — 20x3 + 15x2

For local maxima and local minima, f' (x) =0

vt = 200 + 1512 =u~ = 50%(x?-4x+3)=0

:>1:1( VP-3v-x+3)=0 = ¥(x-3)(x-1)=0
sa=0,x=landx=3
Now f(x) = 20x7 - 60x + 30x

= F (a0 = 20(0)* = 60(0)% + 30(0) = 0 which is neither
maxima nor minnm .

- f(x) has the point of inflection at v =0
(Wi 1 = 20(1)* ~ 60(L)2 + 30(1)
= 20 - 60+ 30 =-10 <0 Maxima
20(3)* - 60(3)? + 30(3)
540 - 540 + 90 = 90 > 0 Minima

]

,f”(-r)::l X3

I

The maximum value of the function at x = 1
f(x) = (1) = 5(1)* + 5(1)3 -1
=1-5+5-1=0

The minimum value at x = 3 is

f(x) = (3)° - 5(3)* + 5(3)° - 1
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=243-405+135-1
=378 -406 =-28

Therefore, the function has its maxima at x = 1 and the maximum value = 0 and its has minimum value

at x = 3 and its minimum value is -28.

Question 27

A telephone company in a town has 500 subscribers on its list and collects fixed charges of Rs 300/-
per subscriber per year. The company proposes to increase the annual subscription and it is believed
that for every increase of Rs 1/- one subscriber will discontinue the service. Find what increase will

bring maximum profit?

Solution

Let's consider that the company increases the annual subscription by Rs x.
So, x is the number of subscribers who discontinue the services.
Total revenue, R(x) = (500 — x) (300 + x)

= 150000 + 500x — 300x — x?

= -x? + 200x + 150000

Differentiating both sides w.r.t. X, we get R’(x) = -2x + 200

For local maxima and local minima, R’(x) =0

-2x +200=0=x =100

R”(x) = -2 < 0 Maxima

So, R(x) is maximum at x = 100

Therefore, in order to get maximum profit, the company should increase its annual subscription by Rs
100.

Question 28

2

If the straight-line x cos o + y sin o = p touches the curve x?/a? + y?/b? = 1, then prove that a? cos? o +

b? sin? a = p2.
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Solution

The given curve is x%/a? + y2/b2 =1 and the straight-line xcosa+ ysina=p

Differentiating equation (i) w.r.t. x, we get
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1 1 dy
—_— 2y 2y - —= =1
a’ 7 <Y dx
x Yy dy dy b* X
s+ =0 - = ——
a-  b” dx dx ay
—b? X
So the slope of the curve = — 3
Now differentiating eq. (1) w.r.t. x, we have
COS O+ Ssin a-il"i =)
dy
A = _{.:DS L —cot o
dx sin o

So, the slope of the straight line = — cot «
[f the line is the tangent to the curve, then

-b* x XA a’
—5—-— =—cto = T =-—5-coto = x=-—=coto-y
a~ Y ¥y b b*
Now from eq. (if) we have x cos e+ ysino.=p
v,

:—z-mta—y-msu-ﬁ-ysin(x =p

a?cot o cos oLy +b?sinoy = b%p

Cos o ,
@F ——-cos oy +bsinay = b
sin o
a’cos? oy +bsinay = b?sinop
2
@’ cos? o+ b? sin oL = —-sino- p
J 2
=>HZCDSEII+EJESin2n£=pr;J [ ?sina=p]
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1 1 dy
—_ 22X +—=2y-—= =0
a’ 7 <Y dx
L ydy dy b x
ﬂ‘2 bz dx dx HE y
—b? X
So the slope of the curve = — 3
Now differentiating eq. (1) w.r.t. x, we have
d
COS O+ Ssin a-—‘l!- =)
dxy
d _
S - ?Dsa=—cotu
dx sin o

So, the slope of the straight line = — cot «
[f the line is the tangent to the curve, then

a
——=—cota = ;=—?-c0to'. = .1'=Fcota-y
Now from eq. (if) we have x cos e+ ysino.=p
v
b—z-cuta—y-cusa+y5in(x=p

a?cot o cos oLy +b?sinoy = b%p

Cos o > .
@* ——-coso.y+bisinay =bp
sin o
a’ cos® oy +b?sin‘ oy = b*sinop
bE
@’ cos? o+ b? sin oL = —-sino- p
Y
b?.
I, 2 cin2 o =  ——sing=
= @ cosTo+bisinco=p-p Ty p

2 2 2

Therefore, a2 cos? a + b2 sin o = p2.
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Question 29
An open box with square base is to be made of a given quantity of card board of area c2. Show that the

maximum volume of the box is ¢3/ 6v3 cubic units.
Solution

Let x be the length of the side of the square base of the cubical open box and y be its height.

So, the surface area of the open box
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¢ —-x2

4x )
Now volume of the box, V=xxxxy
V= x%

2 2
C —X

V = .1*2[ }
4x

1 3 3
= V= —(cx-x
7 (@x=x%)

c=x+dyy = y=

Differentiating both sides w.r.t. x, we get

V 1 ..
% = 1(1’32 - 31’2) ...(H)
For local maxima and local minima, T;V =0
N
1
‘;1_‘(':2 - 31'2]= 0=c2-3x2=10(
= xe = <
3
Cz

b J_

Now again dlrferentiatmg eq. (1) war.t. x, we get

1 -3
fi: ( 6x) = - %{U (maxima)
Volume of the cublcal box (V) =x?y
\2

e
=1‘2(C2_I2]= C > |- L x 2 = 3
‘ dx V3 4 V3 3x4 63

Therefore, the maximum volume of the open box is
3

C . )
cubic units,
63

ExamElite - examelite.com Page 39 of 47



ExamElite - Textbook Solutions examelite.com

Question 30
Find the dimensions of the rectangle of perimeter 36 cm which will sweep out a volume as large as
possible, when revolved about one of its sides. Also find the maximum volume.

Solution

Let's consider x and y to be the length and breadth of given rectangle ABCD.

According to the question, the rectangle will be resolved about side AD which making a cylinder with

radius x and height y.

So, the volume of the cylinder V = 1tr?h = x4y ... (1)

al C
y
YA , B
< & g Now, perimeter of rectangle P = 2(x +y)
36=2(x+Yy)
18=x+y

Putting the value of y in the equation (i), we get
V= nx2(18 —-X) = 11(18x2 - x3)

Differentiating both sides w.r.t. X, we get

dV/dx = Tt(36x — 3x?) .... (iii)

For local maxima and local minima dV/dx = 0
(36X — 3x%) = 0

36x — 3x2 =0

3x(12-x)=0

xZ0and 12— x=0=x=12
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From equation (ii), we have

y=18-12=6

Differentiating equation (iii) w.r.t. x, we get
d2V/dx? = 1(36 — 6x)

Atx =12,

d2V/dx? = (36 — 6 x 12) = T1(36 — 72)

=-36 1t < 0 maxima

Now, volume of the cylinder so formed = T[x2y
=TIX (12)2 X (6) = 11(144)2 X 6 = 8641 cm®

Therefore, the required dimension are 12 cm and 6 cm and the maximum volume is 864t cms.

Question 31
If the sum of the surface areas of cube and a sphere is constant, what is the ratio of an edge of the
cube to the diameter of the sphere, when the sum of their volumes is minimum?

Solution

< A= Let's assume x be to the edge and r be the radius of the

sphere.
Surface area of cube = 6x2

And, surface area of the sphere = 4mr?

Now, their sum is
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6x% + 4nr’ = K(constant) = r=

Volume of the cube = x¥ and the volume of sphere = %‘.ﬂ:r:4

Now,
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Sum of their volumes (V) = Volume of cube
+ Volume of sphere

s 4 3
= X" +—=nr
v 3

. 4 (K——ﬁxzfz
=V=21"+—nX
3 4r

Differentiating both sides w.r.t. x, we get

av o _ 32y 4“x3(1< 632)"% (~121) x

dx 3 (4m)*?
= 37 + an x (=12x) (K = 6x%)"°
(4m)™?
- 3%+ X (~120) (K — 632)"2
qnt-
Thus, % B —%(K—f:’:rxz)"2 (1)
For local maxima and local minima, dv =0
A
3t == (K=62%)"? =0
J_( %)
(K — 6x )”3]
3x| x - =0
-
_ga2zi2
v#0 and r—(K ji) = ()
T
| {K —-6x° )l.l’2
X= Ir
Squaring both sides, we get
a2
X% = K~ 6x =ty = K - 6x°
T
2 2 K
So, m*+6x?=K =1(n+6)=K = x?= 3

[
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Thus, X = \jﬂ 6

Now putting the value of K in eq. (1), we get
62+ dmr = ¥+ 6)
6X2+4nri= X2+ 612 = dnri=nx? = 4r2=x2
2r=x
ox2r=1:1
Now differentiating eq. (if) w.r.t X, we have

d*V 3 d
Y = by ——= —[(K =622
TR e
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3 1

=6X——|2x-
Vr | 2K -6’

.3
= 6 In W-FJK 61}

: a2 2
261___:_«;_”[ 6x% + K - 62 ]—6“3-[12" K}

X (=12x) + (K = 6x2)''? ‘1}

Jr K — 61> N
12K
B K ¢ K . 3| n+6
T+ 6 n+6 Jm| [ 6K
mT+6
K 3 [ 12K =K - 6K ]
=0 +
t+6 Jrn| [mK+6K - 6K
11:+6 |

K . 3 [6K =nK’
n+6 7K
T+6

=6

l K 3
=6 6K — nK) Jm +6]>0
n+6+n~./fl( ) yr+ 61>

So, it is the minima.

Therefore, the required ratio is 1: 1 when the combined volume is minimum.

Question 32
AB is a diameter of a circle and C is any point on the circle. Show that the area of A ABC is maximum,

when it is isosceles.
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Solution
Let consider AB be the diameter and C is any point on the circle with radius r.

LACB = 90° [angle in the semi-circle is 90°]

Let AC =x

BC= \/ AB? — AC* (By Phythagorus Theorem)

BC= (2r)* —=x* = BC= J4r? -1 (i)

1
Now area of AABC, A = > x AC x BC
1

r
= A= —x-./4r* = y°

Squaring on both the sides, we get
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Al = %1‘2(4:*2 -x%)
Let A?=Z7
SU:, Z= il’z(‘ir‘?*l}) = Z= %(41,2!,2 __I-I)
Differentiating both sides w.r.t. x, we get
az 1 .
— = —[8xr® —4x7] (i)
dv 4 iz
For local maxima and local minima T =0
X
1
So, 1 8xr? —4x7] =0 = x[2r2-2] =0
x#0  and 2rt - x* = ()

= 2=2r7 = x=.2r =AC
Now from eq. (1) we have

BC= Jar’ =27 =BC= 52 =BC=2r
Thus, AC= BC
Hence, AABC is an isosceles triangle.

2
Differentiating eq. (if) w.r.t. x, we get i—g - %[8:‘2 —12x7]
Putx = /2; *

d’z

1 2 2 1 2 2
. = —[8r° =12 x2r] = — [8r" — 24r
dx? 4[ ! ] 4[ , a

1 2 2 ;
- Zx(_mr )==4r <0 maxima

Therefore, the area of A ABC is minimum when it is an isosceles triangle.
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