ExamElite - Textbook Solutions

ExamElite - Textbook Solutions - examelite.com

Chapter 10: Vector Algebra

NCERT Exemplar - Class 12 - Maths

examelite.com

Exercise 10.3 - Textbook page 215

Question 1
Find the unit vector in the direction of sum of vectors

Solution

Given vectors are,

a —2:—;+Aandb—2}

G+b = Qi—j+k)+(2j+k)=2i +j+2k

. ) L - a+b
Unit vector in the direction of 4+ b = | |

b

oy ""’

So

=1
-}
=

2?+f+2§ _2?+}+2f:

JF (1) +(27  JErl+d

2i +j+2k  2i+j+2k 2, 14 2

= = =—i+—j+—k
/9 3 373773
Thus, the required unit vector is %: +— 1 J+ i k.

G=i+j+2k and b=2i + j -2k,

Question 2

If find the unit vector in the direction of

()65 ()  2a-b
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Solution

Given, d=i +j+2kand b =2i + ] - 2k
(i) 6b=6(2i +j-2k)=12i +6j-12k
S0, Unit vector in the direction of 6D = %
12/ +6j-12k 12 +6] - 12k

]

J(]g)z +(6)? + (—12)* ) J144 + 36 +144
12i + 6] - 12k _ 12i + 6] — 12k
V324 18
- %(zh}’ﬂzﬁ)%(z}’q—}uz&)
Thus, the required unit vector is 1(2}: +} - 21?).
(i) 2 b = 2(i + ] +2k) = (20 + ] — 2k)
= 20 +2j +4k -2i - j +2k = ] + 6k

So, gy
Unit vector in the direction of 2a - b
_2i-b  j+e6k  j+6k
2d—b \/(1)3 +(6)* J1+36
DE IR a6 “
NN

Thus, the required unit vector is
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Given, d=i +j+2kand b =2i + ] - 2k
(i) 66 =6(2i +j-2k)=12i +6j-12k
50, Unit vector in the direction of 6b = %

12i +6j-12k 12 +6] - 12k

J(u)z +(6)? +(-12)* ) J144 + 36 + 144
12i + 6] — 12k _ 12i + 6] — 12k
324 18
= %(2?+};2£)=%(2}’+}-2£)
Thus, the required unit vector is l(z? +} - 2k).

(ii) 2i—b = 2(:+;+2k) (2:+;—2A)

]

So, 2:+2;+4L 2:—;+2h—;+6k
Unit vector in the direction of 2d — b
_2i-b  j+e6k  j+6k
‘25—5' \/(1)3 +(6)* J1+36
) }+6£ 1
Thus, the required unit vector is —— 1+6£’ )
e req S \/3_7“ |
PQ.
Question 3

examelite.com

Find a unit vector in the direction of where P and Q have co-ordinates (5, 0, 8) and (3, 3, 2), respectively.

Solution

Given coordinates are P(5, 0, 8) and Q(3, 3, 2).
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So, PQ = (3-5)i +(3-0)j +(2-8)k = —2i +3] — 6k
And, L e
Unit vector in the direction of PQ =

QO

l\

PQ]
_ =2i+3j-6k  _2i+3j-6k -2i+3]-6k
J(-g)z +(3)* +(~6)> \{4+9+36 V49
~2i +3] -6k s 4 _a
S ZHASIZOR L i i el
7 7

Thus, the required unit vector is %( ~2i + 3}: - 6.‘?}.

aandb

Question 4
If are the position vectors of A and B, respectively, find the position vector of a point C in BA produced

such that BC = 1.5 BA.
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Solution
Given,
BC = 1.5 BA
BC _ 3
=5 BA 1..'J=E
c-b 3
i-b 2

2% —2h = 3id-3D
2 =33-3b+26 = 26 =3i-b

. 3a-b
i‘i {" = -
2 -
. .= 3a-b
Thus, the required vectoris ¢ = —-
Question 5

Using vectors, find the value of k such that the points (k, — 10, 3), (1, -1, 3) and (3, 5, 3) are collinear.

Solution

Let the given points be A(k, — 10, 3), B(1, -1, 3) and C(3, 5, 3).
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AB = (1= k)i +(~1+10)] + (3 - 3)k
AB = (1-k)i +9] +0k
So, |AB|= JA=E)? +(9)% = J(1-k)* +81
BC = (3-1)i +(5+1)j + (3-3)k = 27 + 6] + 0k
So, |BC| = /(2)* +(6)* =/ +36 =40 = 210
AC = (3-K)i +(5+10)j +(3-3)k = (3- k)i +15] + 0k

So, |AC| = (3 k)* +(15)> =/(3 - k)? + 225
If A, B and C are collinear, then
|AB| +|BC|=|AC]|
J1=K)? +81 + 40 = (3 - k)* +225
Squaring both sides, we have

[\/(1 - k)* +81 +Jﬁ]z= [J(B - k)* + 225]
(1-k)* +81+40 + 240 /(1 - k)* +81 = (3—k)* +225

.l
-~

14 k% =2k + 121+ 2430 \[1+ k* =2k + 81 = 9+ k% = 6k +225

= 122 -2k + 240 Jk* -2k +82 = 234 -6k
Now, on divding by 2, we get

61—k ++40 k> —2k +82 = 117 -3k
m\/kl —2k+82 =117-61-3k+k
Va0 \Jk? = 2k +82 =56-2k =210 [k — 2k + 82 =562k

= 10 sz —2k+82 =28k (Dividing by 2)

Squaring both sides, we get
1002 2Lk 4+ &N = 784 + 12 _ R4k
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LAY R Y ) L Y LWL

10k* = 20k + 820 = 784 + k% — 56k
10k% = k2 =20k + 56k + 820 - 784 = 0

U2 +36k+36=0 = K+4k+4=0 = (k+2)*=0
k+2=0 = k=-
Thus, the required valueisk=-2

Question 6

— —
=1 =

A vector 4 is inclined at equal angles to the three axes. If the magnitude of ! is 2V3 units, find !

Solution

As the vector r
makes equal angles with the axes, their direction cosines should also be same
So,l=m=n

And we know that,

P+m?2+n2=1=P+12+12=1

32=1

|=+1/V3

Now, F=

1~ 1T~ 1 - " 1 ~ 4 =&
+ e | + k = r=+—(U+j+k
BB N
7|

1
= +—
Nk ﬂ

Thus, the required value of 7 js + 2(;" + ]+ fé) :

And, wkt  F = (7)

—

+j+k)2V3 = #2(i + j+ k)
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Question 7

Avector I has magnitude 14 and direction ratios 2, 3, — 6. Find the direction cosines and

components of r , given that I" makes an acute angle with x-axis.

Let a,band ¢ be three vectors such that a =2k, b =3k and
¢ =-6k
If I, m and n are the direction cosines of vector 7, then

i 2%k _k
Fl 14 7

m=£-~_-.3—k- and n= E=—6k=_3k
Pl 14 17| 14 7

We know that I + m* +n= =1
K* 9k 9K

So, + + =1
49 196 49
2 2 .2
4k + 9k= + 36k -1 = 4902=196 — kK2=4
196 PR
Sok=+2 and = —=—
7 7
) 3k_3x2_§ _—3k‘—3x2_—6
m = A 11 7 and n= - = 7
Now, r= i(g;+§ﬂ—éi:)
7 7 7

Fo=1

]

~ 2+ 34 ~ a4 "
F i(—l+§ ——k]-14=i(4f+6j-12k)

and the

Thus, the required direction cosines are %,;, 7
components of 7 are 4i, 6] and —12k.

Thus, the required direction cosines are % %f{ and the components of 7 are 4?, 6; and —12k.

~ | w

’ ’
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Solution

Solution coming soon.

Question 8

Find a vector of magnitude 6, which is perpendicular to both the vectors ZI —JI +2k and

47 — j+3k -

Solution
Letﬁ=2?—}+2i:andﬁ=4f-}+3§ ) (@D
We know that unit vector perpendicular to @ and b = l* I.|
s A s ixb
I
4 -1 3
= 1(=3+2)—j(6-8)+ k(-2 +4) = —i +2] +2k
slaxb| = Y12 +@PF +(2)F = JT+d+4=9=3
ixb) —i+2j+2k s A s
So, Axb) _Ziw2jrAk 1 s ook

[ﬁ xf;l B 3 3
Now the vector of magnitude 6=§ (-7 + 2}: + 2£) -6
= 2(—i+2]+2k) = —2i +4] + 4k

Thus, the required vector is —2i +4 + 4£ _

2i —}'+I§ and 3;+4}—;’2—.

Question 9
Find the angle between the vectors
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Solution

examelite.com

[gtﬁ=2?-f+§and§=3f+4f—§andkﬁﬁbeﬂman@ebﬂmwmnﬁandﬁ.

Now. b _@i-j+h@iraj-h)
|ﬁ”5| JA+1+1-9+16+1
6-4-1 1

1
S ToJ% . 213 290

1 1
I-.'I e = -] 9 = -l ( )
N R “* 156

(1
Thus, the required value of 0 is cos ! [ﬁ)

Question 10

i d T b+c=0 . show that ¢ Xb=bXc=cXa . Interpret the result geometrically?
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Solution

Given that @+ b +¢ =0
So, AaxX({a+b+¢) =

=
X
=i
+
=
X
=
-
=]
X
™l
i

—
=i
>
Ln Y

—

I =i

| X

L't =1

Xl

!EJS

bx(i+b+¢)=
bxa+bxb+bxé=0
bxi+o+bxc=0 (v bxb=0)
—(Axb)+bxé =0
s bXE=i
From eq. (i) and (if) we get
ixb=bxcé=¢xa
- Hence proved.

Question 11

a=3i +j+2k  b=2i —2j+4k.

Find the sine of the angle between the vectors
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Solution

Given that @ =3i + ] + 2kand b =2i — 2] + 4k

We know that |ﬁx5| = |ﬁ||5|sin9
So, A A n
i ] K
. ﬁ}(f; = 3 ] 2
2 -2 4
= i(4+4)- (12 - 4) + k(-6 -2)
= 8i — 8] - 8k

|n><b| J(S) +(=8)% +(-8)*
=\(64+64+64 =@=\,‘5‘1K3=3\/§

= JBP+(1)?+(2 =P +1+42=114
E| = \J(2)? +(-2)2 +(4) = JA+d+16
= 24 =26
. |ﬁ><f;| 83
S Jalle] Vi
43 432
NN TN
Thus, sin9=%.

Thus, sin 8 = 27
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Question 12

If A, B, C, D are the points with position vectors

2i -3k, 3i —2j+k

—

respectively, find the projection of AB along
Solution

We have,

Y

+j—k
j +3k
Position vector of C = 2i — 3k
Position vector of D = 3j — 2} + k
AB = PVofB-PVof A
= (20— j+3k)—(i+]—k) =i -2]+4k
CD = PV.of D-PV.of C
= (3 —2j +k)—(2i =3k) = i — 2] +4k
AB-CD
ool
(i —2] +4k)- (i = 2] + 4k)
JA)? -+ (=2) + (4)°
1+4+16 21
BN ETTSC “Ar VA
Thus, the required projection = /27 .

Position vector of A =

NN

!
Position vectorof B = 2/

Projection of ABonCD =

]

Question 13
Using vectors, find the area of the triangle ABC with

vertices A(1, 2, 3), B(2, - 1, 4) and C(4, 5, - 1).

ExameElite - examelite.com
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Solution

Given vertices A(1, 2, 3), B(2, -1, 4) and C(4, 5, - 1).

B=(2-1)i +(-1-2)j +(4 - 3)k
@=F-—3}:+IE
AC = (4 - 1)i +(5-2)] +(-1-3)k =3i + 3] - 4k

Now, _ 1 : } p
Area of AABC = ElABxAC| =1 1 -3 1

1 3 3 -4
= 5[5(12—3)—;'(—4— 3) + k(3 +9)]

I

%lgf +7]+ ]2§| - %\/(9)2 +(7)% +(12)°

i

%\/81 +49 + 144 = %V‘Z'?tl

V274

Thus, the required area is 2

ExameElite - examelite.com
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AB=(2-1)i +(~1-2)] + (4 - 3)k
@=?-—3}:+§
AC = (4 - 1)i +(5-2)] +(-1-3)k =3i + 3] - 4k
Now A % .
> 1) — — k
Area of AABC = —|ABxAC| = 1]} 5 |
213 3 -4

. %[}’(12 -3)=j(-4-3)+k(3+9)]

. %lgf +7]+ 12§| = %\/(9)2 +(7)% +(12)°

i

%\/81 +49 +144 = %sz
V274

Thus, the required area is "

Question 14

Using vectors, prove that the parallelogram on the same base and between the same parallels are
equal in area.

Solution

Let's consider ABCD and ABFE be two parallelograms on the same base AB and between same
parallel lines AB and DF.

Let AB=dand AD =) D E C_F
. Area of parallelogram ABCD = [ﬁ X Bl | ]
Now, Area of parallelogram ABFE = |K§ X K_El Ry

= | x (AD + DE)| = | x (b x Kd))|

= | x B) + K@@ x@)| = [ax B[ +0 [+ dxa=0] A x B

“Jaxd

— Hence proved.
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Long Answer (L.A.)

Question 15

Prove that in any triangle ABC, , where a, b, ¢ are the

magnitudes of the sides opposite to the vertices A, B, C, respectively.
Solution
In triangle ABC, the components of ¢ are ¢ cos A and c sin A.

W CD = b=ccosA

In ABDC,
a* = CD?+ BD?
a* = (b—ccos A)* + (c sin A)?

a® = b2+ cos? A=20c cos A+ ¢ sin® A
a* = b+ c*(cos® A +sin® A) - 2bc cos A
2=+ -2ecosA = 2bccosA=b+2-a* Ceo D47— ccos A —3A
Thus, bz + CZ —_ ﬂz
COSA = —————
2bc

- Hence proved.

Question 16

—[b Xc+c ><a+a><b] -
2 If a, ‘b , € determine the vertices of a triangle, show that gives
the

vector area of the triangle. Hence deduce the condition that the three points a, b = are collinear.

Also find the unit vector normal to the plane of the triangle.
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Solution

As, @, band¢ are the vertices of AABC

So, A - b, BC=c~b ~
And, AC = ¢ -1
I_, -
.'.AreanMBC=E| BXxA |
1 - o A > B
=—|(b-a)yx(¢c-na
S| =y x( )
ixc-bxa-axé+axa| T p=—bxi
=E;xc—:xn—nxc+nxn v daxb==-bxi
] CXA=—aAXC
=:wa5+ﬁxﬁ+3xﬁ| ixi=0

If three vectors are collinear, area of AABC =0
So, 1 0

|ExE+ﬁxE+Exﬁ
L |axb+bxe+Exal =0

which is the condition of collinearity of , b and&.

Let 11 be the unit vector normal to the plane of the AABC

So, ABx AC
AB x AC|
AXD+DXC+EXi

ﬁxb+bxf+ﬁxﬂ

.

n =

Il
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Question 17
axb|

2

l
|

Show that area of the parallelogram whose diagonals are given by and is . Also find

the area of the parallelogram whose diagonals are 21 - ~’I + ;" and 1+ 3} - A .

Solution

Let's take ABCD to be a parallelogram such that

ExameElite - examelite.com Page 18 of 29



ExamElite - Textbook Solutions examelite.com

AB = p,AD=§=BC D C
So by law of triangle, we get
AC = d=jp+i  .() .
q

and BD = b=—p+qj ..(ii)

Adding eq. (i) and (ii) we get, A b
- ]
el . (a+b '[
a+b=24 = (=
2
Subtracting eq. (if) from eq. (i) we get
i-b =2 = ﬁ:[":’]
>0 ] 1
pXq =E(ﬁ+b)x(ﬁ—-b)= I(ﬁxﬁ—ﬁxhﬂmﬁ—bxh)
- - axa=0
=l(—-ﬁxb+:><ﬁ) f ‘_T
4 bxb=0
=1(ﬁx5+ﬁxf)=l-2(ﬁx5)=|nxb|
4 4 2

NN N
And, the area of the parallelogram ABCD = |p % j| = > |rf X Ii|
Now area of parallelogram whose diagonals are 2i —-f+£‘

and f+3}-f§=%(2?-}+§)K(f+3f-£')l

ik

1 3 1
1y ¢ " A A
-2 i(1-3)-j(-2-1)+k(6+1) =%|-2i+3j+?k

%\{(-2)3 +(3)%+(7)} = %\{4+ 9+ 49

1 —
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= éJGZ sq. units

Thus, the required area is %Jﬁ_z sq. units.
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AB = p,AD=§=BC D C
So by law of triangle, we get
AC = d=jp+i  .() .
q

and BD = b=—p+qj ..(ii)

Adding eq. (i) and (ii) we get, A b
- ]
el . (a+b '[
a+b=24 = (=
2
Subtracting eq. (if) from eq. (i) we get
i-b =2 = ﬁ:[":’]
>0 ] 1
pXq =E(ﬁ+b)x(ﬁ—-b)= I(ﬁxﬁ—ﬁxhﬂmﬁ—bxh)
- - axa=0
=l(—-ﬁxb+:><ﬁ) f ‘_T
4 bxb=0
=1(ﬁx5+ﬁxf)=l-2(ﬁx5)=|nxb|
4 4 2

NN N
And, the area of the parallelogram ABCD = |p % j| = > |rf X Ii|
Now area of parallelogram whose diagonals are 2i —-f+£‘

and f+3}-f§=%(2?-}+§)K(f+3f-£')l

ik

1 3 1
1y ¢ " A A
-2 i(1-3)-j(-2-1)+k(6+1) =%|-2i+3j+?k

%\{(-2)3 +(3)%+(7)} = %\{4+ 9+ 49

1 —
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= éJGZ sq. units

Thus, the required area is %Jr?z sq. units.

Question 18

> find a vector € such that
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Solution
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Let ¢ =¢ji+cyf +c3k
Also given that @ = f+f+kand5=f—k
As, @X¢ = b

i jokl s
11 1| =i-k A A

€ 6 G = i(cz—c)—jles—c)+k(ca —q)=j-k
On comparing the like terms, we get

oy

l‘_—;— L‘E = U ...(f)
¢ —Cy=1 ...(if)
and  ¢,-¢, =-1 . (110)

Now ford-¢ =3

[f+f+§)-(c,f+ czf +c3.¢?} =3

Loty =3 ..(1v)
Adding eq. (if) and eq. (iii) we get,
=€y =0 ...()

From (iv) and (v) we get
¢, +2c,=3 -..(v)
From (1if) and (vi) we get

€, +2¢,=3
3¢, = 2
2
We have, L‘2=§
2
=6=0 = c3—§=0
2
r:3=§
2
Now, G- =-1 = E—C1=—1
2 5
ﬂr{f]=]+:=:
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o

o

-~

A 2
i+—fj+—k
3

W N
L3

2
3
1

Thus, € 3 (5i +2j +2k).
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Let ¢ =¢ji+cyf +c3k
Also given that @ = f+f+kand5=f—k
As, @X¢ = b

i jokl s
11 1| =i-k A A

€ 6 G = i(cz—c)—jles—c)+k(ca —q)=j-k
On comparing the like terms, we get

oy

l‘_—;— L‘E = U ...(f)
¢ —Cy=1 ...(if)
and  ¢,-¢, =-1 . (110)

Now ford-¢ =3

[f+f+§)-(c,f+ czf +c3.¢?} =3

Loty =3 ..(1v)
Adding eq. (if) and eq. (iii) we get,
=€y =0 ...()

From (iv) and (v) we get
¢, +2c,=3 -..(v)
From (1if) and (vi) we get

€, +2¢,=3
3¢, = 2
2
We have, L‘2=§
2
=6=0 = c3—§=0
2
r:3=§
2
Now, G- =-1 = E—C1=—1
2 5
ﬂr{f]=]+:=:
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] e
. € =§. -_"-.’*+_2_.;}
C T3NS
. 1
Thus, € =—(51+2!+2-{)

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises from 19 to 33

(M.C.Q)

Question 19

The vector in the direction of the vector I = 2-; + 2k that has magnitude 9 is

i—2j+2k

(A) i—2j+2k (B) 3
(@ 3(i =27 +2F) (D)  9(i-2j+2k)
Solution

The correct option is (C).

Lot a=i—2]+2k

Unit vector in the direction of @ = ﬁ
a
o i-2j+2k  i-2j+2k i-2j+2k
9(i —2; +2k)

. Vector of magnitude 9= =3(i - 2; +2k)

3
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Question 20

The position vector of the point which divides the join of points 2” - 3"5 ﬂlld a-+ b in the
ratio3:1is

A 3a-2b 5 7G-8b " 3a 0 5a
) 5 B ) 7, )

Solution

The correct option is (D).
The given vectors are in the ratio 3: 1

So, the position vector of the required point ¢ which divides the join of the given vectors i and bis

_ n!,.‘t‘;,_ +a‘”2x1
ny + 1y
1-(2a-3by+3(@+b)  2i-3b+3i+3b
3+1 4
56 5
= ——=—
4 4
Question 21

The vector having initial and terminal points as (2, 5, 0) and (-3, 7, 4), respectively is

(A) —i+12j+4k (B)  Si+2j—4Fk
(©) —Si+2j+4k (D)  i+j+k

Solution

The correct option is (C).
Let A and B be two points whose coordinates are given as (2, 5, 0) and (-3, 7, 4)

So, we have
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AB = (=3-2)i +(7 —5)] +(4 - 0)k
AB = —5i +2j + 4k
Question 22

—_—
—_—

The angle between two vectors a and with magnitudes V3 and 4, respectively, and
a.b=2~/3

T T

(A) — B) 3 (©)

- (D)

| 2

Solution

The correct option is (B).

Here, given that |ﬁ|=x/§,[£_; ‘ =4andi-b=23

So, from scalar product, we know that

i-b = || E|c059

23 = J3-4-cos0

J3-4 2
.p= T
3
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