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Chapter 6: Applications of Derivatives

NCERT - Class 12 - Maths

Exercise 6.1

Question 1
Find the rate of change to the area of a circle with respect to its radius when

a)r =3cm
b) r = 4cm
Solution

Ans: The area of a circle (A) with radius (r) is A = 772

Now, for a given radius, the change in the area of the circle is given by,

dA _ d 2\ _
ar E(’/TT ) = 27r
1. Whenr = 3cm

dA

= 6m

As a result, when the radius of the circle is 3cm, the area of the circle changes at a rate of 67 cm.
2. Whenr = 4cm

dA

=87

As a result, when the radius of the circle is 4cm, the area of the circle changes at a rate of 8cm.

Question 2
The volume of a cube is increasing at the rate of 80m3/s . How fast is the surface area increasing when the length
of an edge is 12 cm?

Solution

Ans:

Let x be the length of a side, v be the volume, and s be the surface area of the cube.
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When z is a function of time ¢, we have
V =23and S = 6z2

L av 3
Itis given that - = 8cm”/s

Then, by chain rule we have

e
=2(2%). & =32 L&

= & _ 3%2 ...... 1)
Now, = 4= = £ (622) = L (622). %2 (By chain rule)

— dz _ 32
—12:[3.dt—

Thus, when £ = 12¢m,

s _ 32 .2
i = em/s
_ 8 2
—3cm/s.

As a result, if the cube's edge length is 12cm, the surface area is rising at a rate of %cm2/s.

Question 3
The radius of a circle is increasing uniformly at the rate of 3cm/s. Find the rate at which the area of the circle is
increasing when the radius is 10 cm.

Solution

Ans: For the radius (r), the area of a circle (A) is A = 7r?.

Now, for time (t), the rate of change of area (A) is given by,

dA _ d(_ 2
G = q(m)
dr .
=2nr—; (By chain rule)

It is given that the increase in radius of circle is,

dr

< =3cm/s

dA

o = 2mr (3) = 67r

Thus, when r» = 10em

dA _ _ 2
< = 6m(10) = 60mem?/s

ExameElite - examelite.com Page 2 of 73



ExamElite - Textbook Solutions examelite.com

As a result, when the radius of the circle is 10cm, the rate at which the area of the circle increases is 60mrcm?/s.

Question 4
An edge of a variable cube is increasing at the rate of 3cml/s. How fast is the volume of the cube increasing when
the edge is 10cm long?

Solution
Ans: Let z be the length of a side and v be the volume of the cube. Then, V=2
dv da

. _ 9.2 dz -
. =7 = 3x". -~ (By chain rule)

It is given that,

de
< =3cm/s

. avo_ 2 _ 2
.5—3213(3)—93:

Then, when £ = 10cm,
A% 2
< = 9(10)° = 900cm?/s

As a result, when the edge is 10cm long, the volume of the cube increases at the rate of 900cm?/s.

Question 5
A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the instant when the
radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Solution

Ans: The area of a circle (A) with radius () is given by,
A = 7r?
Now, for time (t), the rate of change of area (A) is given by,

= w ()

— A4 (rp2) & _ dr -

= (ﬂ'r ) i 27r 7 (By chain rule)
. . dr

Itis given that =~ = 5cm/s.

Thus, when r = 8&cm

dA
E—807T
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As a result, when the circular wave's radius is 8cm, the enclosed area grows at a pace of 807rcm2/s.

Question 6

The radius of a circle is increasing at the rate of 0.7cm/s. What is the rate of increase of its circumference?

Solution

Ans. The circumference of a circle (C) with the radius (7') is given by
C = 27r.

Now, the rate of change of circumference (C) for time (£) is given by,

dc _ dC dr
dt dr ° dt

d d
= E (27'('7') d_:

(By chain rule)

_ dr
= 2. o
. . dr
Itis given that - = 0.7cm/s.

Hence, the rate of increase of the circumference is 1.4wem/s.

Question 7

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at the rate of 4
cmiminute. When z = 8cm and y = 6¢m, find the rates of change of (a) the perimeter, and () the area of the
rectangle.

Solution

Ans: It is given that the length x is decreasing at the rate of 5cm/ min and the width y is increasing at the rate of

4cm/ mini.e,

92 — _5¢m/ min,
dt

dy .

— = 4cm/min

(a) The perimeter (P) of a rectangle is given by

P=2(z+y)
. dP da dy
-W_2(E+%)

= —2c¢m/ min
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Hence, the rate of decrease in the perimeter of rectangle is 2cm/ min.

(b) The area (A) of a rectangle is given by,

A=z xy
dA _ dz dy
= —by +4x

When = 8cm and y = 6¢cm,

7}

- = (=5 x6+4 x 8) cm?/ min

= 2cm?/ min

Hence, the rate of increase in the area of the rectangle is 2cm?/ min.

Question 8

examelite.com

A balloon, which always remains spherical on inflation, is being inflated by pumping in 900 cubic centimetres of

gas per second. Find the rate at which the radius of the balloon increases when the radius is 15 cm.

Solution

Ans: The volume of a sphere (V) with radius () is given by,
_ 43
V= ST

For time (t), the rate of change of volume (V) is given by,

av. _ dv dr
dt ~— dr " dt

— 4 (4-,3) dr
_dr<37TT>‘dt

_ 2 dr
—47rr.dt

(By chain rule)

It is given that
D — 900cm? /s
dt

900 = 47r?. &

dr 900
= dt ~ 4mr2
_ 2%

o

Therefore, when the radius is 15cm,

dr _ 225
dt m(15)?

1
I
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As a result, the rate at which the balloon's radius increases when the radius is 15cm is %cm/ sec.

Question 9

examelite.com

A balloon, which always remains spherical has a variable radius. Find the rate at which its volume is increasing

with the radius when the latter is 10 cm.

Solution

Ans: The volume of a sphere (V) with radius () is given by,

Rate of change of volume (V) for time () is given by,
v _ d (a3

o T @ (37”' )

= 47r?

Therefore, when the radius is 10cm,

av 2

= 4007

Hence, the rate of increase in the volume of the balloon is 400mem3 / sec.

Question 10

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground, away from the

wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the foot of the ladder is 4 m away

from the wall?

Solution

Ans: Let the height of the wall be ym and the foot of the ladder be m away from the wall.

Then, by Pythagoras Theorem, we have:
x? + y? = 25 (Length of the ladder is 5m)
=y =1+25—2?

Then, the rate of change of height yfor time ¢ is given by,

By _ e dz
dt VB —g2 dt
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- . de
Itis given that 2~ = 2cm/s

. @ 2z
odt V2522

Now, when z = 4m we have:

dy 8

dt T3

Hence, the rate of decrease in the height of the ladder on the wall is %cm/ sec.

Question 11

examelite.com

A particle moving along the curve 6y = x> + 2. Find the points on the curve at which the ycoordinate is changing

8 times as fast as the x-coordinate.

Solution

Ans: Given the equation of the curve as 6y = 3 + 2.

The rate of change of the position of the particle for time

(t) is given by,

dy 2 dz
dy  odz
:>2dt =T %

. . . . . . d
When the particle's y-coordinate changes 8 times as fast as its x-coordinate i.e., (

de) _ 2de
2<8d1t)_"1j dt
2 dx

dz

= (22 -16) & =0

= z2 =16

= x =14

and when x = 4,

y=11
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Hence, the points required on the curve are (4, 11) and (—4, _T?’l)

Question 12

The radius of an air bubble is increasing at the rate of 1/2 cm/s. At what rate is the volume of the bubbles of the
bubble increasing when the radius is 1cm?

Solution

Ans: The air bubble is in the shape of a sphere.
The volume of an air bubble (V) with radius (r) is given by,

V= %771“3

Rate of change of volume (V) for time (%) is given by,

v _ v dr
dt ~— dr " dt

_d(4_3) ar
_dr<37rr>'dt

_ 2 dr
—47r7'.dt

(By chain rule)

P dr 1
Itis given that —~ = cm/s
Therefore, when r is 1cm,
av 2 (1
& =ar(1?’ ()
= 2wem?® /s

Hence, the volume of the bubble increases at the rate of 2rcm3/s.

Question 13
A balloon, which always remains spherical, has a variable diameter %(2.’10 + 1) . Find the rate of change of its

volume with respect to x.
Solution

Ans: The volume of a sphere (V') with radius

is given by,

V= %71‘1"2.
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: .3
Diameter is 3 (2z + 1)
r= 32z +1)
4

_ 4.3
V= i
_ 9 3
= 572z +1)
Hence, the rate of change of volume with respect to x is as
av. _ 9 __d 3
E = lﬁﬂ—dt(zx—i_ ].)

27 3

Question 14

Sand is pouring from a pipe at the rate of 12cm3/ sec. The falling sand forms a cone on the ground in such a way
that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the sand cone
increasing when the height is 4 cm?

Solution

Ans: The volume of a cone (V) with radius and height (h) is given by.

It is provided that,
-1

h = i
= r =6h

. 1 2

. V= §7T(6h) h
= 127h?
The rate of change of volume for time (%) is given by

av .
- = 1271'% <h3) . % (by chain rule)
— 2\ dh
= 127 (3h ) "
_ 2 dh
. . av
Itis provided that <~ = 12cm?/s.

Therefore, when h = 4cm we have:

12 = 36m(4)* 2
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dh 12
i 367(16)
dh _ 1
dt ~— 487w

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate of %cm/ sec.

Question 15

The total cost C () in Rupees associated with the production of x units of an item is given by

C (z) = 0.007z* — 0.003z> + 15z + 4000

Find the marginal cost when 17 units are produced.

Solution

Ans: The rate of change in total cost for output is known as marginal cost.
MC = 4€ = 0.007 (32%) — 0.003(2z) + 15

= 0.021z* — 0.006z + 15

When

z =17, MC = 0.021(17)* — 0.006 (17) + 15

= 0.21(289) — 0.006 (17) + 15

= 6.069 — 0.102 4- 15

= 20.967

Hence, the marginal cost when 17 units are produced is Rs.20.967.

Question 16

examelite.com

The total revenue in Rupees received from the sale of z units of a product is given by R (z) = 1322 + 26z + 15.

Find the marginal revenue when z = 7.

Solution

Ans: The rate of change in total cost for the number of units sold is known as marginal cost. Let the number of units

sold be x.

MR =9 =13 (2z) + 26

ExameElite - examelite.com
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= 26z + 26
Whenz = 7,
MR — 208

Hence, the required marginal revenue is Rs.208.

Question 17

The rate of change of the area of a circle with respect to its radius r at 7 = 6¢cm is (A) 107 (B) 127 (C) = 8«
(D) 11m.

Solution

Ans: The area of a circle (A) with radius (r) is given by, A = 77

As a result, the area's rate of change in relation to its radius r is % = % (777'2) = 27r

Therefore, when r = 6¢cm,
dA

E =27 X 6

= 127mem?/s

Hence, the required rate of change of the area of a circle is 127rcm2/s.

Therefore, option B is correct.

Question 18
The total revenue in Rupees received from the sale of zunits of a product is given by R (z) = 3z2 + 36z + 5. The
marginal revenue, when z = 15 is (A) 116 (B) 96 (C) 90 (D) 126.

Solution
Ans: The rate of change in total cost for the number of units sold is known as marginal cost.
S MR =191 =6z + 36
T
Therefore, when x = 15,
MR =90+ 36 = 126
Hence, the required marginal revenue is Rs.126.

The correct option is D.
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Exercise 6.2

Question 1

Show, that the function given by f (z) = 3z + 17 is strictly increasing on R.

Solution

Ans: Let the two numbers in Rbe x; and 5.
T1 < T, = 3x1 < 372

= 3x1 + 17 < 329 + 17

= f(z1) < f(22)

Thus, the function is strictly increasing on R.

Question 2

Show that the function given f (z) = e**

Solution

Ans: Let the two numbers in Rbe x; and xs.
Then, we have:

T1 < x2 = 221 < 2I2

Q201 o 20

= f(z1) < f(z2)

Hence, f is strictly increasing on R.

Question 3
Show that the function given by f (z) = sinz is

A) Strictly increasing in (0, g)
B) Strictly decreasing in (% , 7r)

C) Neither increasing nor decreasing in (0, n)

ExameElite - examelite.com

is strictly increasing on R.
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Solution

Ans: The given function is f (z) = sin z.

. f'(z) = cosz

A) Since for each = € ((), g) cosz > 0, we have f' (z) > 0.
Hence, f is strictly increasing in (0, %)

B) Since for each z € (%,ﬂ') ,cosz < 0, we have f' (z) < 0.

Hence, f is strictly increasing in (gﬂi’)

C) It is clear from the results obtained in (A) and (B) that f is neither increasing nor decreasing in (O, n)

Question 4

Find the intervals in which the function f given by f (z) = 222 — 3z is
(A) Strictly increasing
(B) Strictly decreasing

Solution

Ans: The function provided is f (z) = 2z? — 3z.

f'(x) =4z -3
f(x)=0
sz=3

Now, the point % divides the real line into two disjoint intervals i.e.,
(—oo,%) and <%,oo> .

In interval, (—oo, %) f'(z) =42 —-3<0

Hence, the given function ( f) is strictly decreasing in interval (—oo, %)
In interval, (%, oo) Jfl(@)=42-3>0

Hence, the given function ( f) is strictly decreasing in interval (%, oo)
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Question 5
Find the intervals in which the function f is given as f (z) = 222 — 322 — 36z + 7

(A) strictly increasing

(B) strictly decreasing

Solution

Ans: The given function is

f(z) =223 —32% — 362+ 7

f' (z) = 6z* — 6z — 36

6 (z* —z — 6)

6(z+2)(z—3)
“fl(x)=0
=x=-2,3
The points £ = —2, 3 divide the real line into three disjoints intervals
i.e., (—oo,—2),(—-2,3),and (3, 00).
In intervals (—oo, —2) and (3, 00), f' (z) is positive while in the interval (—2, 3) , f’ () is negative.

Hence, the given function ( f)is strictly increasing in intervals (—oo, —2) U (3, co) while the function (f) is strictly
decreasing in interval (—2, 3).

Question 6

Find the intervals in which the following functions are strictly

increasing or decreasing:

(a)z® +2z—5

(b) 10 — 62 — 222

(c) —22% —9z% — 12z + 1
(d) 6 — 9z — z?

(e) (@ +1)*(z - 3)°
Solution
Ans:

a) Given that
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f(z)=2>+2z -5

f(z) =2x+2

Now,

f'(z)=0

=c=-1

The real line is divided into two disjoint intervals (—oo, —1) and (—1, o) by the point z = —1.

In interval (—oo, —1),

fl(x)=22+2<0

Therefore, f is strictly decreasing in the interval (—oo, —1).
Thus f is strictly decreasing for x < —1

Ininterval (—1, 00),

“fl(x)=22+2>0

Therefore, f is strictly decreasing in interval (—1, co)

Thus f is strictly increasing for x > —1.

b) Given that,

f(z) =10 — 6z — 2z*

f(z) = —6— 4z
Now,
f' (@) =0
- =3
=T = 3
The real line is divided into two disjoint intervals (—oo, —%) and (—%, oo) by the point x = —%.

In interval (—oo, —%) i.e., when z < —%, f'(z) = —6 —4z < 0.

.. f is strictly increasing for z < —%
In interval (—%,oo) i.e., when z > %, f'(z) =—-6—4z < 0.

.. f is strictly increasing for z < —%
c) Given that,

f(z)=—22% -9z — 12z + 1

ExameElite - examelite.com
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s f'(x) = —62% — 18z — 12
= —6(m2+3m—|—2)

=—6(z+1)(x+2)

examelite.com

Now,

f'(x) =0

=x=-1

and z = —2

The real line is divided into three disjoint interval (—oo, —2) , (—2, —1) and (—1, o0) by the points z = —1, —2

whenz < —2and z > —1,
fl(z)=-6(z+1)(z+2)<0

... fis strictly increasingforz < —2 <z > —1
Now, in interval (—2, —1) i.e., when —2 < z < —1,
f'(z)=—-6(z+1)(z+2)>0

.. fis strictly increasing for —2 < z < —1

d) Given that,

f(z) =6—9z — 22

S () =-9-2z

Now, f’ (z) = 0 gives x = —%

The real line is divided into two disjoint intervals (—oo, —%) and (—%,

In interval (—oo, —%) e, forx < %,

*. f is strictly increasing for z < %

In interval (%,oo) ie., forz < —%,f’ (z) =—-9—-22>0

*. f is strictly increasing for z < —%

In interval (—%,oo) i.e., forz > —%,f’ (z) =-9—-22<0

*. f is strictly increasing for > —%

e) Given that,

f(@) = (@+1)(z-3)’

ExameElite - examelite.com
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() =3z(x+1)(x —3)° +3(z — 3)*(z + 1)°
=3@z+1)2(x—-3)>2[z—3+z+1]

=6(x+1)°(z—3)7(z—1)

Now,

f'(z)=0

=z=-1,3,1

The points £ = —1, 1, 3 divided the real line into four disjoint intervals. i.e.,

(—00,-1),(-1,1),(1,3) and (3, 00)

In intervals (—oo0, —1) and (—1,1), f' (z) = 6(z + 1)*(z — 3)* (z — 1) < 0
.". [ is strictly decreasing in interval (—oo, —1) and (—1, 1)

Inintervals (1, 3) and (3,00) , f' (z) = 6(z + 1)*(z — 3)* (z — 1) > 0

.". [ is strictly decreasing in the interval (1, 3) and (3, 00).

Question 7

Show that y = log(1 + z) — 22+_xz’ x > —1, is an increasing function of

x throughout its domain.
Solution

Ans: We are given that,

y=log(l +z) — 2

24z
. ﬁ 1 (2+z)(2)—22(1)
cdx T 14z (2+$)2
— .'172
o (2+w)2
Now,
dy
o = 0
22

(2+w)2
=22=0
=z=0

Since z > —1 point = 0 divides the domain (—1, 00) in two disjoint
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intervalsi.e.,, =1 <z < 0andx > 0.
When —1 < z < Owe have:
r<0=22>0
z>-1=(24+2)>0

= (2+2z)°>0

Also, whenz > 0

z<0=22>0,

(2+z)°>0
— 132
Y= e >0

Hence, the function f is increasing throughout this domain.

Question 8

Find the values of z for which y = [z (z — 2)]? is an increasing function.
Solution

Ans: We have,

y=[z(z—2)

— [2* — 22"

LW~ 2 (2 - 2¢) (22 - 2)
— 4z (z—2) (z — 1)
=0

=z=0,1,2

The points = 0, 1, 2 divide the real line into four disjoint intervals i.e.,
(—OO, 0) ’ (0’ 1) ) (1’ 2) and (2’ OO) :

In intervals (—oo, 0) and (1,2), 3—5 <0
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.". Yy is strictly decreasing in intervals (—oo, 0) and (1, 2)
d

However, in intervals (0, 1) and (2, 00), % >0

.". y is strictly decreasing in intervals (0, 1) and (2, 00)

.. yis strictly decreasing inintervals 0 < x < 1 and > 2.

Question 9
_ 4siné
Prove that y = @rcost)
Solution
Ans: We have,
__ _4sinf
vy= (2+cos0) 0
dy  (2+cos6)(4cos)—4sinf(—sin ) 1
Tdo (2+COS9)2
__ 8cosf+4cos’f+4sin®) 1
(2—i—cos€)2
_ 8cosf+4 1
(2+cos §)®
Now,
dy
-5 =0
8cosf+4
(2+cos §)?

= 8cosf+4 =4+ cos’0 + 4cosf
= c0s?0 —4cosf =0

= cosf =0,4

Since,

cosf # 4,

cosf =0

.
=0=3

d cos(4—cos
NOW, _y — (—2)
do (2+cos)

™

In the interval [0, 5} , we have cos 8 > 0,

Also,4 > cosf = 4 —cosf >0

ExameElite - examelite.com
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. cosf (4 — cosf) > 0andalso (2 + cosd)” > 0

cos 0(4—cos 6)
(2+-cos 0)2

d
XL
Therefore y is strictly increasing in the interval (O, 1)

2

Hence, y is increasing in the interval (0, %)

Question 10
Prove that the logarithmic function is strictly increasing on (0, co).

Solution

Ans: The given function is f (z) log z.

Itis clear that for z > 0, f' (z) = = > 0

Hence, f (x) log z is strictly increasing in the interval (0, o).

Question 11
Prove that the function f is given by f (z) = z

(~1,1).

2 _ x + 1is neither strictly increasing nor strictly decreasing on

Solution

Ans: The given function is f (z) = 22 —z + 1

f(x)=2z—-1
Now,

f(@) =0

=z =1

The point % divides the interval (—1, 1) into two disjoint intervals i.e.,

(-1,3) and (3,1).

Now, in the interval <—1, %) Jfl@)=22-1<0
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N =

Therefore, f is strictly decreasing in the interval <—1,

However, in the interval (%, 1) () =22—-1>0

Therefore, f is strictly decreasing in the interval (%, 1),

Hence, f is neither strictly increasing nor decreasing in interval

(—1,1).

Question 12

Which of the following functions are strictly decreasing on (0, g) ?

(A)
cosx

(B) cos 2x (C) cos 3z (D) tanx

Solution

Ans.

A) Let f, (z) = cosz

. f (z) = —sinz

In interval, (0, %) f) () = —sinz <0

*. f1 (z) = cos z is strictly decreasing in the interval (O, %)
B) Let f, () = cos 2z

 fy (z) = —2sin2z

Now,

0<z<7=0<2z<m

= sin2z > 0= —2sin2z <0

" f, (&) = —2sin2z < 0 on (o, g)

s

*. f5 (z) = cos 2z is strictly decreasing in interval <0, 5>$$

C) Let f; (z) = cos 3z

. fy (z) = —3sin3z

ExameElite - examelite.com
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= sindz =0
=3z=mzx€E (0, %)
S
=z=1
The point z = % divides the interval <(), g) into two disjoint intervals i.e., (O, %) and (%, %)
Now, in the interval (0, %) f5(x) = —3sin3z <0 [0 <z<g=>0<3z< w}
.". f5 is strictly decreasing in interval x(O, %)
However, in the interval (%, g) f5(xz) = —3sin3z > 0 [g <z<§=m<3z< 37”]
.". f5 is strictly increasing in the interval (%, %)
Hence, f3 is neither increasing nor decreasing in interval (0, %)
D) Let f, (x) = tanx
£ (z) = sec’z
- 2
In interval ((), g),ﬁl’ () =sec’z >0
" fa
is strictly increasing in the interval (0, %)
2

Therefore, functions cos xand cos 2z are strictly decreasing in (0, 1) .

Hence, the correct options are A and B.

Question 13
On which of the following intervals is the function f is given by

f(x) = z'% + sinx — 1 strictly decreasing?
A.
(0,1)

B.
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T
(5:7)
C.
D

0,

T

)

None of these
Solution

Ans: We have,
f(z) =2 +sinz — 1

. f'(z) = 1002* + cos x

Ininterval (0,1) ,cosz > 0 and 100z*° > 0

“f'(x) >0

Thus, the function f is strictly increasing in the interval (0, 1).

In interval (%,ﬂ') ,cosz < 0 and

Also, 1002%° > cos x

~ f'(2) > 0in (§,7)

Thus, the function f is strictly increasing in the interval (%, 7'1').

In the interval (0 ”), cosz < 0and 100z”° > 0

» Y
1002 +cosz > 0

= f'(z) > Oon <0, %)

.. f is strictly increasing in the interval (0, %)

Hence, the function f is strictly decreasing in none of the intervals. The correct option is D.

Question 14

Find the least value of a such that the function f given

ExameElite - examelite.com
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f(x) = x? + ax + 1is strictly increasing on (1, 2).
Solution

Ans: We have,

f(z)=2*+az+1

“fl(z)=2z+a

Now, the function f will be increasing in (1,2) if ' (z) > 0in (1,2).

=2x+a>0
=2z > —a

—a
:>£C>T

As a result, we must determine the smallest value of a such that

x>,z c(1,2)
—a
=z>(1<z<2)
Thus, the least value is given by
—a
- =1

=a= -2

Hence, the required value of a is —2.

Question 15

examelite.com

Let | be any interval disjoint from (—1, 1), prove that the function f given by f (z) = = + % is strictly increasing

onl.

Solution

Ans: We have,

f@)=a+ 3
fll@)=1-+

Now,

f@=0

===+l

The real line is divided into three disjoint intervals i.e.,

ExameElite - examelite.com
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(—o0,—-1),(—1,1),(1,00) by the points z = 1, —1.

In the interval (—1, 1) we observe,

-l<z<1

=z<1

=>1< 5,240

fl(z)=1- wl—z < 0on(—1,1) ~ {0}.

.". f is strictly decreasing on (—1,1) ~ {0}.

In the interval, (—oo, —1) and (1, 00) , it is observed that:
Tz <-—1

=z2>1

=1> %

=1-=>0

f(z)=1- % >0 on (—o0,—1)and (1,00).

.". fis strictly increasing on (—oo, —1) and (1, 00) .
Hence, the function fis strictly increasing in the interval | disjoint
from (—1,1).

Hence, the given result is proved.

Question 16

™

Prove that the function f given by f (ac) = log sin z is strictly increasing on (0, 7) and strictly decreasing on

s
(5:7)
Solution

Ans: We have,

f(z) =logsinx

f(z) = Sirlmcosw = cotx

In interval, (0, g) ,f' () =cotz >0

.. f is strictly increasing in <D, g)
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In interval, <%,7T) ,f' () =cotz <0

.. f is strictly increasing in <g,ﬂ').

Question 17

™

Prove that the function f is given by f (a:) = log cos z is strictly decreasing on (0, 5) and strictly increasing on

s
(5:7)
Solution

Ans: We have,

f(z) =logcosz

" f'(z) = ZL-(—sinz) = —tanz

).

tanz > 0= —tanz < 0

' (z) < Oon (o, g)

In interval <0,

[N

.. f is strictly decreasing on (0, %)

In interval (g,w),
tanz < 0= —tanz >0
. f' (z) > Oon (%,w)

.. f is strictly decreasing on (g s 7r).

Question 18
Prove that the function given by f (z) = 2® — 322 + 3z = 100 is increasing in R.

Solution

Ans: We have,

f(z) =23 — 322 + 3z = 100
f'(z) = 32* — 6z +3

=3

(a:2 — 2z + 1)
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=3(z—1)

Foranyz € R

(z—1)>>0

Thus, f (z) is always positive in R.

Hence, the given function f is increasing in R.

Question 19

The interval in which y = z?

e 7 is increasing is
A.

(—00,00)

B.

(=2,0)

C.

(2, 00)

D.

(0,2)

Solution

Ans: We have,

Y= x267m

Lo = 2we " — rle™™ = xe " (2 — 1)

Now,

dy
E_O

=x=0,2

The points £ = 0, 2 divided the real line into the three disjoint intervals

e, (—00,0),(0,2),(2,00).

In intervals (—o0, 0) and (2,00) , f’ (z) < 0 as e”* is always positive.

.". f is decreasing on (—o0, 0) and (2, ).

ExameElite - examelite.com
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Ininterval (0,2), f'(z) >0
.". fis strictly increasing on (0, 2).
Hence f is strictly increasing in the interval (0, 2)

Thus, D is the correct option.

Exercise 6.3

Question 1

Find the maximum and minimum values, if any, of the following given by

1 f(z)=(2c—1)>+3
2. f(z) =922 + 12z + 2
3.f(z) = —(z—1)* 410
4.g(x)=a>+1
Solution
Ans:

i) The given function is f (z) = (2z — 1)* + 3.

It can be observed that (2z — 1)*> > 0 for every z € R.
Therefore, f (z) = (2¢ — 1) + 3 > 3forevery z € R.
The minimum value of f is attained when 2z — 1 = 0

2 —1 =0,z =

N =

Minimum value of f <%> = (2% — 1)2 +3=23.

Hence, function f does not have a maximum value.

ii) The given function is f (z) = 9% + 12z + 2 = (32 + 2)2 —2.
It can be observed that (3:132 + 2)2 > 0 foreveryx € R.

Therefore, f (z) = (322 + 2)2 — 2> —2foreveryz € R.

The minimum value of f is attained when 3z + 2 = 0

3z+2=0,0=—2

)= (6(2) +3)'-2==

Minimum value of f (—

w|ro
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Hence, function f does not have a maximum value.
iiiy The given function is f (z) = —(z — 1)* + 10..

It can be observed that (z — 1)* > 0 for every z € R.

Therefore, f (z) = —(z — 1)> + 10 < 10 forevery = € R.

The minimum value of f is attained when (z — 1) = 0
z—1=0,z=0

Minimum value of f = f(1) = —(1 — 1) +10 = 10
Hence, function f does not have a maximum value.

vi) The given function is g (z) = x> + 1.

Hence, function g neither has a maximum value nor a minimum value.

Question 2

Find the maximum and minimum values, if any, of the following functions given by

)f(z)=|z+2[-1

ig(z)=—|z+1/+3

iii) h (z) = sin 2z + 5

vi) f (z) = [sindz + 3|

V)h(z)=z+4,zc (-1,1)

Solution

Ans: We know that |z + 2| > 0 forevery z € R
Therefore, f(z) = |z + 2| —1 > —1foreveryz € R
The minimum value of f is attained when |z + 2| = 0
=2

Minimum value of f = f(-2) =|-2+4+2|—-1=-1
Hence, function f does not have a maximum value.
Ans: We know that — |z + 1| < O foreveryz € R
Therefore, g (z) = — |z + 1| + 3 < 3foreveryz € R

The minimum value of g is attained when |z + 1| = 0

ExameElite - examelite.com
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=z =—-1

Minimumvalue of g = g(—1) = —|-1+1]+3=3

Hence, function g does not have a maximum value.

Ans: We know that —1 < sin2z <1
—14+5<sin2x+5<1+5

4 <sin2x+5<6

Hence, the maximum and minimum values of h are 6&4 respectively.
Ans: We know that —1 < sindz <1

2<sindzx+3<4

2 <|sindz+3| <4

Hence, the maximum and minimum values of f are 4&2 respectively.

Ans: Here, if a point xq is closest to —1 , then we find % +1<xy+ 1forall xzg € (—1, 1).

2}1+1
2

Also, if z1 is closet to —1 , then we findz1 + 1 < + 1forallzg € (—1,1).

Hence, function h (x) has neither maximum nor minimum value at (—1,1) .

Question 3
Find the local maxima and local minima, if any, of the following functions. Find also the local maximum and the

local minimum values, as the case may be:
i) f(z) =22

ii)g(z) =23 — 3z

iii) b (z) = sinz 4 cos .0 <z < 7

iv) f(z) =sinz — cosz,0 < z < 27

v) f(z) = 2® — 62 + 9z + 15

vig(z) =5 +2,2>0

vii) g (2) = =5

viii) f (z) = zy/1—z,2 > 0
Solution

Ans: f (z) = x?

L fl(z) =22
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Now, f'(z) =0=2 =10

Thus, = 0 is the only critical point that could be the point of local maxima or local minima of f.
We have f" (0) = 2, which is positive.

Therefore, by second derivative test,z = 0 is a point of local minima and local minimum value of fatz = 0 is
f(0)=0.

Ans: g (z) = 23 — 3z

g (z) =32 -3

Now,

gd(x)=0=322=3=z=+1

9" (z) = 6z

g"(1)=6>0

J'"(-1)=-6<0

By second derivative test, z = 1 is a point of local minima and local minimum value of gat z = 1 is
g(1)=1"-3=-2
Ans:h(z) =sinz+cos.0 <z < 7
- b (xz) =cosz +sinz
h'(z) =0 = sinz = cosxz = tanz = 1
4

:>:c:16(0,§)

h" () = —sinz — cosz

Therefore, by second derivative test, z = % is a point of local maxima and the local maximum value of h at x = %

™) —_gin = kil
h <Z) = sin 7 + cos

4
_ 1 1 _

(V)

Ans: f(z) =sinz — cosz,0 < z < 27

. f'(xz) =cosx +sinz
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f'(z) =0= cosz = —sinz

3m Tm
tanz = -1 =z = 7, € (0,2m)
f"(xz) = —sinz + cosx

m3my — _gip 3% 3m
f (T)——sm4+cos4— V2 <0

f”<7—”) :—sin%T +cos774”:\/§>0

4

Therefore, by second derivative test, t = %Tﬂ is appoint of local maxima and the local maximum value of f at
3 .

T = =—Is

4

3m\ i, 3T 3r 1 1 _ Tm . . . .
f (T) = SIn <-C0s =~ = 7 + 5= /2. However, = 1 is apoint of local minima and the local minimum

s
4

isf(%)zsin%—cos%:—%—%:—\/i

value of fatx =

V)

Ans: f (z) = 3 — 6z + 92 + 15
f(x) =322 — 122 +9
f(z)=0=3(z>—42+3) =0
=3(z—-1)(z—3)=0
=z=1,3

Now,

f"(z) =6z —-12=6(z — 2)
(1)
£ (3)

Therefore, by second derivative test, = 1 is a point of local maxima and the local maximum value of fatxz = 1

6(1-2)=-6<0

6(3—2)=-6>0

is f(1)=1-6+9+ 15 =19. However, z = 3 is a point of local minima and the local minimum value of f at
z=3is f(3) =27—54+27+ 15 =15.

Ans:ig(z) =5+ 3,2>0
g@)=5-3%

Now,

/ — Ogives>~ = 1

g’ (z) = Ogives <=5

Since z > 0 we take z = 2.
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Now,
9" (z) =3
g”(2):%:%>0

examelite.com

Therefore, by second derivative test, £ = 2 is a point of local minima and the local minimum value of gat z = 2 is

g2)=2+2=14+1=2

Ans: g (z) = 3321?
.o _ (22
9 (@) = p
—(22)
gl(;;c):0=> (m3+2)2 =0=z=0

Now, for values close to z = 0 and to the left of 0, g’ (z) > 0. Also, for values close to = 0 and to the right of

g (z) <0.

Therefore, by first derivative test z = 0 is a point of local maxima and the local maximum value of
o1 1

9(0)isg5 = 5-

Ans: f(z) =2v1—z,2 >0
Lfl@)=2yT—z+2. 2\/%(—1) =y1—-z— 2\/91”__1:

_ 20-x)-x  2-3z
Wiz 21z

/ _ 2—3z

fia)=0= 7= =

:>2—3$:0:>£B:%

2V1-z

(@) =3

1—=x

[\/ﬁ(3)(23x)( +)

\/1—x(—3)+2(2—3x)(wl_z)
2(1-z)

3x—4

3
4(1-z)2

2—4 —1
f’(%)z - =—-<0

@)

Therefore, by second derivative test, z = 3 is a point of local

maxima and the local maximum value of f at x = % is f (%) =

ExameElite - examelite.com
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Question 4

Prove that the following functions do not have maxima or minima:
i) f(z) = €

i) g(z) =logx

iih(z) =23 +22+2+1

Solution

Ans: f(z) = €°

Lfi(z) =

Now, if f'(z) = 0then e® = 0. But the exponential function can never assume 0 for any value of z.
Therefore, there does not exist ¢ € R such that f' (c) = 0.
Hence, function f does not have maxima or minima.

Ans: We have,

g(z) =logz

g (@) =

Since log z is defined for a positive number z, g’ (z) > 0 for any
Therefore, there does not exist ¢ € R such that g’ (¢) = 0.
Hence, function g does not have maxima or minima.

Ans: We have,

h(z) =23 +2>+z+1

A (z) =3z +2z+1

Now,

Therefore, there does not exist ¢ € R such that A’ (c) = 0.

Hence, function h does not have maxima or minima.

Question 5
Find the absolute maximum value and the absolute minimum value of the following functions in the given
intervals:

i) f(z) = 2%z € [-2,2]

ii) f(z) =sinz + cosz,z € [0, 7]
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i) f (z) = 4z — %.’B2,III € [—2, %}

iv) f(z) = (z—1)° + 3,z € [-3,1]

Solution

Ans: The given function is f (z) = z®.
" f (z) = 322

Now,

ff(z)=0=2z=0

Then, we evaluate the value of f at critical point z = 0 and at endpoints of the interval [—2, 2].

f(0)=0

f(=2)= (-2’ = -8

f2)=(2)° =8

Hence, we can conclude that the absolute maximum value of f on [—2, 2] is 8 occurring at z = —2. Also, the
absolute minimum value of f on [—2, 2] is —8 occurring at z = —2.

Ans: The given function is f () = sinz + cos
. f'(x) =cosx —sinz

Now,

f'(z) = 0= sinz = cosz
=tanz=1=z=7

Then, we evaluate the value of f at critical point x = % and at the endpoints of the interval [0, 7|.

T\ _ T T 1 1
f(z)—San—f—COSZ——Z—f—E—\/i

f(0) =sin0+cos0 =1

f(m) =sinm+cosm =1

Hence, we can conclude that the absolute maximum value of f on [0, 7] is V2 occurring at z = %. Also, the
absolute minimum value of f on [0, 7] is —1 occurring at z = .

Ans: The given function is f (z) = 4z — 22
L f (x) = da — %:1:2

Now,
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fl(z)=0=z=4
Then, we evaluate the value of f at critical point x = 4 and at the endpoints of the interval [—2, —] .
_ _ 1 _
f(4) =16 2(16) =38

F(=2)=-8—1(4)=-10

2
f(g) :4(%) —§<g) — 18— 8 — 7.875
Hence, we can conclude that the absolute maximum value of f on [—2, %] is 8 occurring at z = 4. Also, the

absolute minimum value of f on [—2, %] is —10 occurring at z = —2.

Ans: The given function is f (z) = (z — 1)° + 3

f(x)=2(x—-1)

Now,

ff(z)=0=2(z—-1)=0,z=1

Then, we evaluate the value of x at critical point z = 1 and at the endpoints of the interval [—3, 1].
F(1)
F(-3)=(-3-12+3=19

(1-1)7+3=3

Hence, we can conclude that the absolute maximum value of f on [—3, 1] is 19 taking place at z = —3. Also, the

absolute minimum value of f on [—3, 1] is 3 taking place at z = 1.

Question 6

Find the maximum profit that a company can make if the profit function is given by p (z) = 41 — 24z — 18z2.
Solution
Ans: The profit function is given as p (z) = 41 — 24z — 18z>.

~p (z) = —24 — 36z

p" (z) = —36
Now,
p(z) =0

_ =24 _ _ 2
= T= 36 3
Also,
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P (‘T‘z) — 36<0

2

By second derivatives test, t = — 3

is the point of local maximum of p

Therefore, Maximum profit = p <—%)

2
_ 2 2
— 41— 24 (-5) . 18(—3)
—41+16 -8
— 49

Hence, the maximum profit that the company can make is 49 units.

Question 7

Find both the maximum value and the minimum value of 3z* — 8z + 1222 — 48z + 25 on the interval [0,3].
Solution

Ans: Let's take f(x) = 3z* — 823 4+ 1222 — 48z + 25 on [0,3]
f'(z) = 1223 — 242? + 24z — 48

Now f' (z) = 0

1223 — 242% + 242 — 48 = 0

23 -2z 422 -4=0

(x—2)(2*+2)=0

x = 20rz = +/2

Asz = +4/2is imaginary, therefore this value is not considered.
At x=2, f(2) = 3(16)-8(8)+12(4)-48(2)+25 = -39

At x=0, f(0) = 3(0)-8(0)+12(0)-48(0)+25 = 25

At x=3, f(3) = 3(81)-8(27)+12(9)-48(3)+25 = 16

Therefore, the minimum value of the given function is -39 and maximum value is 25.
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Question 8

At what points in the interval [0, 27r] does the function sin 2z attain, its maximum value?

Solution
Ans: Let
f(z) =sin2z

. f'(xz) = 2cos2z

f () =0=cos2z =0

— & 3m br Tm
=2 =5,%,557%
— ® 3m 5w Im
:m—4,4,4,4

Then, we evaluate the values of f at critical points

3 br Tm
4

T = %, “I 4 7 and at the endpoints of

the interval [0, 27].

(
f(%) :51115—27r =1,
(

f %) =sin T = -1,

f(0) =sin0 = 0,

f(2m) =sin27r =0

Hence, we can conclude that the absolute maximum value of
£10,2n] is occunring at z = T and & = ¢

Question 9

What is the maximum value of the function sin x + cos £?
Solution
Ans: Let f (x) = sinz + cos z

- f (z) =cosz —sinz

ExameElite - examelite.com
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f'(z) =0=sinz = cosz

57

=tanz=1=z=7,°7,...

f'(z) = —sinz — cosz = — (sinx + cos x)

Now, when (sin z + cos z) is positive, i.e.,

when sin x and cos x are both positive, f” (x) will be negative.

We also know that in the first quadrant, both sin x and cos x are positive. Then, f" (z) will be
negative when = € (0, %)

As a result, we consider £ =

F1(5) =~ (g reost) = () = ~v2 <0

By second derivative test, f will be the maximum at x = % and the

e

maximum value of f is (1> =sinZT +4cost =+ x — ==
Tis {1 4 4 V2 V2 V2

_ V3.

Question 10
Find the maximum value of 223 — 24z + 107 in the interval [1, 3]

Find the maximum value of the same function in [—3, —1].
Solution

Ans: Let f (z) = 223 — 24z — 107

L f'(z) = 62° —24 = 6 (2> — 4)

Now,

fl(@)=0=6(z2—4)=0

=zt=4=z=22

We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point € [1, 3] and at the endpoints of the interval [1, 3].
F(2) =2(8) — 24(2) + 107 = 75
f(1)=2(1)—24(1) +107 =85

F(3)=2(27) — 24(3) + 107 = 89

Hence, the absolute maximum value of f () in the interval [1, 3] is
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89 occurring at x = 3.

Next, we consider the interval [—3, —1].

Evaluate the value of f at the critical point z € [1, 3] and at
the endpoints of the interval [—3, —1].

f(=3)=2(-27) —24(-3) + 107 = 125

F(=1) =2(=1) — 24(—1) + 107 = 129

f(—=2)=2(—8) —24(—2) + 107 = 139

Hence, the absolute maximum value of f (x) in the interval [—3, —1] is

139 occurring at z = —2.

Question 11

examelite.com

It is given that at z = 1 the function z* — 622 + az + 9 attains its maximum value, on the interval [0, 2]. Find the

value of a.
Solution
Ans: Let f (z) = z* — 622° + azx + 9

L f (x) =42 — 124z + a

It is given that function f attains its maximum value on the interval

[0,2] atz = 1.
~ff1)=0
=4—-124+a =0
=a =120

Hence, the value of a is 120.

Question 12

Find the maximum and minimum values of x + sin 2z on [0, 27] .

Solution

Ans: Let f (z) = x + sin 2z
. f'(z) =1+2cos2z
2m

Now, f' (z) = 0 = cos 2z = —% = cos -

ExameElite - examelite.com
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23;:27&2?”,7162

2 4w 5w

Then, we evaluate the value of at fcritical points = = = 3, 5%, 5, % and the end points of the interval [0, 2.

f(f):1+sin2—”:§+%

F(5)=F et -
$(5) =% vomiz =5 -
f(0)=0+sin0=0

f(2m) = 2w + sindnr = 27

Hence, we can conclude that the absolute maximum value of f (x) in

the interval [0, 27] is 27 occurring at © = 27 and the absolute maximum value of f () in the interval [0, 27] is 0

occurring at x = 0.

Question 13

Find two numbers whose sum is 24 and whose product is as large as possible.

Solution

Ans: Let one number be z. Then, the other number is (24 — ).
Let p (x) denote the product of the two numbers. Thus, we have:
P(z) =z (24 — z) = 24z — z?

P'(z) =242z

P"(z) = —2

Now,

P(z)=0=2x=12

Also,

P"(12) = -2<0

By second derivative test, z = 12 is the point of local maxima of P.
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Hence, the product of the numbers is the maximum when the numbers are 12 and 24 — 12 = 12.

Question 14

Find two positive numbers z and ysuch that z + y = 60 and zy> is maximum.
Solution

Ans: It is assumed that the two numbers are x and y such that x + y = 60.
y=060—=x

Let f (z) = zy?

= f(x) = z(60 — z)®

- f'(z) = (60 + z)* — 3z(60 — z)°

= (60 + z)° [60 — 4z]

And,

F" (z) = —2(60 — x) (60 — 4z) — 4(60 — z)°

= —2(60 — z) (180 — 6x)

=—12(60 — z) (30 — z)

Now, f' (z) =0

=z = 60,15

When z = 60, f" (z) = 0

When z = 15, f" (z) = —12 (60 — 15) (30 — 15) < 0.

By second derivative test, z = 15 is a point of local maxima of f.

Thus, function zy3 maximum when z = 15 and y = 60 — 15 = 45.

Hence, the required numbers are 15 and 45.

Question 15
Find two positive humbers x and y such that their sum is 35 and the product w2y5 is a maximum.

Solution
Ans: Let one number be x. Then, the other number is y = (35 — z)

Let p (z) = z2y°. Then, we have:
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P(z) = z*(35 — z)°

- P'(z) =2x(35 — z)° — 522(35 — z)"
= 2(35 — )" [2(35 — z) — 5a]

= 72(35 — z)* (10 — z)

And,

P"(z) =17(35 — 2)* (10 — ) + Tz [—(35 —5)t —4(35 - 2)° (10 — 2)

7(35 — z)* (10 — z) — 7x(35 — x)" — 28x(35 — z)* (10 — z)

7(35 — z)° [350 — 45z + 22 — 35z + 22 — 40z + 42?2
=17(35 — z)° (622 — 120z + 350)

Now,P'(z) =0=z =0,z = 35,2 = 10

When,z = 35, f' (z) = f(z) =0

y=35—-35=0.

This makes the product equal to 0.

When z = 0,7 = 35 — 0 = 35 and the product z2y> will be 0.
x = 0 and = 35 cannot be the possible values of x.

When z = 10 we have:

P" (z) = 7(35 — 10)* (—250) < 0

By second derivative test, P(x) will be the maximum when x = 10 and
y=35—10 = 25.

Hence, the required numbers are 10 and 25.

Question 16

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Solution

Ans: Let one number be x. Then, the other number is (16 — z).
Let the sum of the cubes of these numbers be denoted by S(x). Then,

S(z) = 23 + (16 — z)°
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. ' (z) = 322 — 3(16 — z)°,

5" (z) = 6z + 6 (16 — x)

Now, S’ (z) = 0 = 32% —3(16 —z)° = 0
=2’ — (16 —2)* =0

ém:% =8

Now,
S5"(8)=6(8)+6(16 —8) =96 >0

By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 and 16 —8= 8.

Question 17

examelite.com

A square piece of tin od side 18 cm is to be made into a box without a top, by cutting a square from each corner

and folding up the flaps to form the box. What should be the side of the square to be cut off so that the volume of

the box is the maximum possible?
Solution

Ans: Let the side of the square be cut off by x cm.

Then, the length and the breath of the box will be (18 — 2x) cm each.
The box has a height of x cm. As a result, the box's volume V(Xx) is given by,
V (z) = z(18 — 2z)

V' (%) = (18 — 2z)° — 4z (18 — 2x)

= (18 — 2z) [18 — 2z — 4z

=12(9—2z)(3—=x)

And,

V'(z) =12[- (9 —z) — (3 — 2)]

=-24(6—x)

Now,v' (z) =0=2=9,3

If x = 9, then the length and the breadth will become 0.

r=9
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=x=3
Now, V" (3)=-24(6—-3)=-72<0
Therefore, by second derivative test, x = 3 is the point of maxima of V.

As a result, the volume of the box obtained is the biggest achievable by removing a square of side 3 cm from each

corner of the square tin and building a box from the remaining sheet.

Question 18

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without a top, by cutting off squares from each
corner and folding up the flaps. What should be the side of the square to be cut off so that the volume of the box is
the maximum possible?

Solution

Ans: Let the side of the square be cut by x cm.

Then, the height of the box is x, the length is 45 — 2z , and the breadth is 24 — 2.
V(z) =z (45 — 2z) (24 — 2x)

= 42® — 138z 4 1080z

V' (z) = 1222 — 276 + 1080

=12 (2® — 23z + 90)

=12(z — 18) (z — 5)

V" (z) =24z — 276 = 12 (2z — 23)

Now,V'(z) =0= =z =18,5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular sheet,
Thus, x cannot be equal to 18.

T =25

Now, V" (5) =12(10 — 23) = —156 < 0

Therefore, by second derivative test x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible is 5cm.

Question 19
Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum area.
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Solution

Ans: Let a rectangle of length | and breadth b be inscribed in the given circle of radius a.
Then, the diagonal of length 2a cm passes through the center.

By Pythagoras theorem, we have:

(2a)* = 1> + b°

= b® =4a? - I?

Lb— Vi P

Area of the rectangle,A = [/ 4a2 — [

L i Pyl (o) =A@ Py L -

2v/4a2 1 Vaad— V42—
Ve P(—41)— (4a?—217) — 22—
A ( )2\/4a242
dr’ (4a2_z2)

(4a2—12) (—4l)+1 (4a2—2l2)

2 2\3
(4a l)

—9 (6a2—12)

3
(4a2—l2) 2
Now, % = Ogives4a®> =21 = | = v2a

=b=1+4a% — 2a2 = V2a2 = V2a
Now, when [ = v/2a

P2A 72(\/%) (76a272a2) Yo _ 4<0
i’ 2v/243 2v/243

By second derivative test, when [ = 4/2a then the area of the rectangle is the maximum.
Since [ = b = 1/2athe rectangle is a square.

Hence, it has been proved that the square has the maximum area of all the rectangles inscribed in the given fixed

circle.

Question 20
Show that the right circular cylinder of given surface and maximum volume is such that its height is equal to the
diameter of the base.
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Solution

Ans: Let r and h denote the cylinder’s radius and height respectively.

Then, the cylinder has the following Surface Area (S):

S = 2nr? + 27rh

S—2mr?
27r

— S (1) _
Toon ( 7') r
Let V be the volume of the cylinder. Then,

V = mr’h = mr? [i<l) —r] = 5

= h =

2w\ 7 2

E—. R N S
= —7r —2w<r> r

v _ 8 2 d*'V
Then, o = 5 — 3nr7, - = —bnr

av
Now,d—:0=>£:37r7"2:>r2=i

r 2 6m

When r2 = 5 then b = 87 (l)_T:3T—r:2r

67 2 T

Hence, the volume is the maximum when the height is twice the radius i.e. when the height is equal to the diameter.

Question 21

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimeters, find the dimensions of
the can which has the minimum surface area?

Solution

Ans: Let r and h denote the cylinder’s radius and height respectively.
Then, the cylinder has the following volume (V),

V = nr’h = 100

_ 100

7T"I‘2

The cylinder has the following surface area (S),

S = 2mr? + 27wrh = 27r? + 22—0

45 — 0 = dup = 20
dr 72
L3 20 _ 50

47 ™
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o =

- 50 d*s
Now, it is observed that whenr = | = )", =—= > 0.
™ dr?

1

By second derivative test, when the radius of the cylinder is (%) ’ cm, the surface area is the minimum.

1 1
When r = (%)ihz 2(%)30m.

=

Hence the required dimensions of the can which has the minimum surface area are given as radius = (50) cm

™

1
and height = 2 (E;T—O) ‘em.

Question 22
A Wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square and the other into
a circle. What should be the length of the two pieces so that the combined area of the circle is minimum?

Solution

Ans: Let a piece of length | be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28 — [) m.
Let r be the circle’s radius. Then 277 = 28 — [ = r = %(28 —1).

The combined areas of the square and the circle (A) is given by,

A = 7% + 72 (side of the square)

=L +7r[%(28—l)]2

2 1 2
=1—6+4—ﬂ(28—l)

=t @) (1) = 5 - 5 (28-1)

1
8
d2A
di?

Now, 48 =0= L - L(28-1)=0

1 1
—§+2—ﬂ_>0

= (r+4)1—112=0

_ 112
=1[= —]
112 d%A
Thus, when | = —==, 7 0
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By second derivative test, area (A) is the minimum when [ = % . Hence, when the length of the wire is%f4 cm in
making the square the combined area is the minimum while the length of the wire in making the circle is
112 287
28 — T4 T w4 cm.
Question 23
Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is % of the volume of the
sphere.
Solution

Ans: Let r and h be the radius and height of the cone respectively inscribed in a sphere of radius R.
Let V be the volume of the cone.

Then, V = %wrQh

Height of the cone is given by,

h=R+AB=R+VR*— 12 (ABC is a right triangle)

Ve o (R VR )

= %mﬂR + %mﬂ R? — 2

—2r
DV— 2,0R+4 209/ R — 72 + L2, 2
dr 3 3 3 R
2V R —r
3
=2mrR+ 2nrVR? — 12 — tq L
3 3 3 VR
2 27 R%— 3713
= smrR+ ————
3 3V R2—r2
P 9(R2—r2) (27TR2—97FT2)+27F1"R2—37T7'4
- = SmrR +
dr 3 3
27(R2—1~2) 2
v _ 2. _ 3mr-21R’
Now, - =0= 71'37"R = e

= 2R = 2RV R?> — 12 = 372 — 2R?
= 4R* — AR*r2 = 9r* + 4R
= 9r* = 8R%*?
= r2 = %Rz
&’V

When 72 = %R2 then a7 < 0

By second derivative test, the volume of the cone is the maximum when
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2 _ 8p2
re = 9R.
Whenr? = SR* h = R+ /R’ = SR* =R+ 2
Therefore,

_ 8
= 5 X (Volume)

Hence, the volume of the largest cone that can be inscribed in the sphere is % the volume of the sphere.

Question 24

examelite.com

Show that the right circular cone of the least curved surface and given volume has an altitude equal to \/5 times

the radius of the base.

Solution

Ans: Let r and h be the radius and the altitude of the cone respectively.

Then, the cone has the following volume (V):
V==>Lmlh=h=32"

3 T
The cone has the following surface area (S),

S = 7mrl (I = slant height)

= mrvVr? + h?

2 r\/92r2+V2
= mry |72 + 4/ 2 i S —
m2rd o

= % 26 4+ 9V2

25
ro—9T 2649V 2
ds 24/ 72r6-49V2

dr r2
_ 2720 9y 2
2/ m2rb 19V
2

Now, & =0 = 2726 =9V 2 = o6 = I

dr 272

2 2

Thus, it can be easily verified that when rb = %, %

By second derivative test, the surface area of the cone is the least when r
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1
2 2,6\ 2 V273
When, 76 = 2 p — 3V (2”9’“ ) _ 3 Vamr

22 ! 2 w2 3

examelite.com

Hence, for a given volume, the right circular cone of the least curved surface has an altitude equal to v/2 times the

radius of the base.

Question 25

Show that the semi-vertical angle of the cone of the maximum volume and of the given slant height is tan-1\/§.

Solution
Ans: Let 6 be the semi-vertical angle of the cone.

It is clear that 8 € [0, g]

Letr, h, and | be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.
Now r=1sinf and h=1cos®

The volume (V) of the cone is given by,

V= %mzh

_ 1 252

= 5T (l sin 0) (Icos6)

= %ﬂl3sin20 cos @

- Z_‘; = %ﬂ [sin®6 (— sin ) + cos @ (2sin 6 cos §)]

= l%” [—sin30 + 2sin 000s20}

‘57‘2/ = l%” [—3sin29 cos 0 + 2cos®0 — 4sin’6 cos 9}
= %” [2c0s?0 — Tsin®6 cos 6]

Now,% =0

= sin’f = 2sin fcos26
= tanf =2

= 0 = tan"1/2

Now, when 6 = tan 14/2,then tan20 = 2 or sin?6 = 2cos?6

Then,
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‘227‘2/ = l%ﬂ [2c0s®0 — 14cos®f] = —4rBBcos0 <0 (Forf e [O, %])

By second derivative test, the volume (V) is the maximum when 6 = tan_lx/i Hence, the semi-vertical angle of

the cone of the maximum volume is tan_1\/§ for a given slant height.

Question 26

Show that semi-vertical angle of right circular cone of given surface area and maximum volume is sin~! (%)

Solution

Ans: Let's assume x be the radius and y be the height of the cone and semi-vertical angle be ©.

And, Total Surface area of cone (S) = mz+/ 22 + y2 + wz?

S

zy/x2 +y2 + 2% = =
Let's say % =k
zy/22 + 2 =k — a?
Squaring on both sides
4 y?) = (k- )’

z2y? = k? — 2kz?

Volume of cone (V) = %ﬂ':pzy
_1 K
=37 (y2+2k> y

12 (Y
3Tk <y2+2k)

Derive on both sides

&V _1g2d v

dy 37 y2+2k

Y2 42k).1—y.2y

3 T } [Using quotient rule]
Y+

2k—1?
v o1 g CRy)

= TR "———= ... 2
dy 3 (5212 2
Now ¥ = 0
dy
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1 k2 (2k—y?)

377 2Ry
2k —y2 =0
y? =2k

y=++v2k
Height can’t be negative so we neglect y = —+/2k

So,y:\/ﬂ

As, % > 0, therefore, Volume is maximum at y = +/2k

From equation (1), We get,

22— _F _ K _k
T 2kt2k T 4k T 4
2
o= Y
2
Now, Semi-vertical angle of the cone sinf = z
22 +y?
VE _
-z _ Yk \/i _1
F ok 2 9k 3
4
Which implies
— aim—11
0 = sin 3
Question 27

The point on the curve z? = 2y which is nearest to the point (0, 5) is

A.

(2/2,4)

B.
(2v/2,0)
C.

(0,0)

2,2
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Solution
Ans: The given curve is 22 = 2y

2 2
For each value of x, y will be % the position of the point will be (m, %)

The distance d(x) between the points (:1:, %2> and (0, 5) is given by

d(m):\/(:1:—0)2+(%2—5)2:#%4—4:132%—25

(:t?’f&c)
Vazt—1622+100

Now,d' (z) =0= 23 -8z =0

d (z) =

=z=0,+2v2

(2*—1622+100) (32> —8) —2(2*—8z)

And d” (z) = -
(z4—1622+100)2

36(—8)

When z = 0 then d” (z) = o

<0

When z = +2v/2 thend (z) > 0

By second derivative test, d(x) is the minimum at x = i2\/§.

When z = £2/2,y = 4.

Hence, the point on the curve 22 = 2y which is nearest to the point (0,5)
is <i2\/§, 4) .

Therefore, the correct option is A.

Question 28
1—z+a?
1+z+2?

For all real values of x, the minimum value of is

A.
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3
D.
1
3 -
Solution
_ 2
Ans: Let f (z) = %

(1+z+a?)(—1-2z)— (1—z+2?) (1+2z)
(1+z-+22)?

f'(z) =

2(z?-1)
(1+z+a2)?

f@)=0=a’=1=>2=+1

(1+3m—a:3)
(1+z+a2)°

Now, f" (z) = 4

4(1+3-1)
And,f”(l) == m = % >0

4(1-3+1)
(141+1)?

And, f" (1) = =5 <0

By second derivative test, f is the minimum at £ = 1 and the minimum

value is given by f (1) = %

The correct option is D.

Question 29

1
The maximum value of [z (x + 1) +1]7,0 <z < 1is

A.

/N

W =

N———
-

ExameElite - examelite.com Page 55 of 73



ExamElite - Textbook Solutions

Solution
Ans: Let f (z) = [z (z + 1) + 1]3.

L (x) = _ 2z4l

Sfa(a+1)+1]3
1
Now, f(z) =0=z = —3
But, x = -1/2 is not part of the interval [0,1]

Now, evaluate the value of f at the endpoints of the interval [0, 1] {i.e.,

atx =0 and x =1}.

w =

I
—_

f(0)=1[0(0-1)+1]

=

fO=11-1)+1=1

Hence, we can conclude that the maximum value of fis 1 in the
interval [0, 1].

The correct option is 13.

Miscellaneous Exercise

Question 1

N log z :
Show that the function given by f(z) = —— has maximum at z = e.
z

Solution
log
Ans: f(z) =
x
1
x(—) —logz | logz
f'(@) =0

=1—logz=0
=logz =1

= logx = loge
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=T =€

2? <—i> (1 - log z)(22)

Z

F'(@) =

—z — 2z(1 —logx)

xd

$4
 —3+2logz
— w3

-3+ 21 —-34+2 —1
f”(e) —— oge = + = < 0

ed es el

fisthe maximumatz = e

Question 2

examelite.com

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm per second. How

fast is the area decreasing when the two equal sides are equal to the base?

Solution

Ans: Let A ABC be isosceles where

is the base of fixed length b.

Let the length of the two equal sides of A ABC be a.

braw AD_| BC.
b2
= 2 _
AD a 1
1 2
Area of triangle = Eb’ la? — bz
dA 1 2a da B ab da
at 2 p dt i g dt
24/a® — —
4
d
d—(Z = -3 cm/s

ExameElite - examelite.com

Page 57 of 73



ExamElite - Textbook Solutions examelite.com

_ da B —3ab

“dt \Vig? — b2
whena = b

dA B —3b2 —3b2

V3

E a V4bh2 — b2 N 1/3b2 -

Question 3

. . . . ) . 4sinx —2x —xcoszx
Find the intervals in which the function f given by f(z) = 9T Is
cosT

(i) increasing (ii) decreasing

Solution
dsinz — 2z — xcosx

Ans: f(z) = 2+ cosx

() = (2+cosz)(4dcosx —2 —cosx + zsinz) — (4dsinz — 2z — x cosz)(— sin z)

(2 + cosz)’

~ (2+cosz)(3cosz — 2+ zsinz) + sinz(4sinz — 2z — z cos z)
; (2 + cosz)’

6cosz — 4 + 2z sinx + 3cos?z — 2cos z + x sinz cos  + 4sin’z — 2sin’z — 2z sinz — zsinz cos
- (2 4 cos z)?

4cosx — 4 + 3cos’z + 4sin’x
- (2 + cosz)’
__4cosz — cos’z __ cos z(4 — cosx)
a (2 + cosz)’ - (2 + cosz)’
f'(z) =0
= cosz =0cosz =4
cosz # 4
cosz =0

™ 3T
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T 3w
x)isincreasing for0 < x < — and — < & < 27,
2 2

(5.5 ). @) <0

_ _ s 3
f(z) is decreasing for 5 <T< 5

Question 4

1
Find the intervals in which the function f given by f(z) = z° + — T # 0is
x

(i) increasing
(ii) decreasing

Solution

Ans: f(z) = x3 + i

3
. f'(z) :39U2—i = —33,;6_3
' xt xt

fl(z)=0=32-3=0=20 =2 =+1

In (—oo,1) and (1,00) i.e..,whenz < —landz > 1, f'(z) > 0.whenz < —1and = > 1, fisincreasing. In
(—1,1)ie,when -1 <z <1, f'(z) < 0.

Thus, when —1 < & < 1, f is decreasing.

Question 5
2 2

T
Find the maximum area of an isosceles triangle inscribed in the ellipse — + % = 1 with its vertex at one end of
a

the major axis.

Solution
Ans:
2 2
. Yy
Ellipse — + =— =1
P a? b2
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Let ABC, be the triangle inscribed in the ellipse where vertex C'is at (a, 0). Since the ellipse is symmetrical with

. . b 2
-axisand y — axis y; = £—4/a® — z7.
a

b
Coordinates of A are <—:1:1,—\/a2 — m21> and coordinates of B are (
a

(—x1,y1) lies on the ellipse, the area of triangle ABC'is

A= la <2a—b a? xg) + (~a1) <—gm) T (~a1) G%«m)

b
= A=bava®— 221+ x,— aQ—wf
a

dA —2xb b 2bz>

= + —y/a? — 2% —
9 a

" dx
! 2y/a? — xf a?y/a? — zj

Y [mat (@) -2

24/a? — 22

b(—2x} — z] + a?)

ar/a? —x

dA

a;

:>—2x%—x1a+a2:0

a=+ /a2 — 4(-2) (a?)

= T1 —

b

\/a? — :1:%) As the point
a

L1y ——

2(-2)
_a+£+v9a?
-4
_at3a
4
a
= T1 = —a, E
2 3b
1 cannotbeequaltoa.,',mlzg:>y1:— at— L \/§:£
2 a 4 a 2
( —2z
a? — 23 (—4z1 — a) — (—22] — z10 + a?) (“221)
2 b a?—zx
Now, ——— = —
dz?1 a a2 — ac%
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b (a® — 2}) (—4z1 — a) + 21 (—22% — 210 + @)
T a 2
\ (a2 —2f) 3
)
B 223 — 3a%x — a®
= = 3
\ (a2_$%)2
whenmlzg,
2
4 )\ ( A
a® a? a 3
a4 3 a 9.3 3
dZA_2<28 32 a>_E 1 2a a
dmf Ca 3 a 3
(3_“2>2 (E>2
4 J \ 4 V,
( )
i
e 5 (<0
()7
\ 4 V,

e | o
)

. . a _ _ _ a? a
Area is the maximum when z; = 5 Maximum area of the triangle is A = by /a? — 1 + (5)

V3 (a)b a3

a5t 3) e X 2
abv3  abV3 3v3
= + = ab
2 4 4

Question 6

A tank with a rectangular base and rectangular sides, open at the top is to be constructed so that its depth is
2m

and volume is 8m>. If the building of the tank costs Rs 70 per sq meter for the base and Rs 45 per sq meter for the
sides. What is the cost of the least expensive tank?
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Solution

Ans: Let

and h represent the length, breadth, and height of the tank respectively.

height (k) = 2m

Volume of the tank = 8 m® Volume of thetank = I x b x h8 =1 x b x 2

4
:>lb:4:>b:7

Area of the base = [b = 4

Area of 4 walls (A) = 2h(l + b)

4
.'.A=4<l—|—7)

dA 4
;‘ﬁ—“(l‘z?)

dA
Now. —— —
ow, i 0
4
=02=4
=1=42

2 _ 40
az 8 7Y

o~
|

\'l\.')
|

Area is the minimum when [ = 2.
Wehavel =b=h = 2.

Cost of building base

Rs 70x(lb) = Rs70(4) = Rs 280
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Cost of building walls = Rs2h(l + h) x 45 = Rs90(2)(2 + 2) =

Rs 8(90) = Rs 720

Required total cost = Rs(280 + 720) = Rs 1000

Question 7

examelite.com

The sum of the perimeter of a circle and square is k, where k is some constant. Prove that the sum of their area is

least when the side of the square is double the radius of the circle.

Solution

Ans: 27r 4+ 4a = k (where k is constant) = a = 1

the sum of the areas of the circle and the square (A) is given by,

(k = 27r)?
16

dA 2(k — 27r)(2m)
L— =2 =2
“dr r + 16 r

w(k — 2mr)
4

A=mr’+a®>=mr+

dA
Now, — =
ow, I 0
w(k — 2mr)

2mr =
= ZTTr 1

& =k — 27r
= 8+2mr=k

kK
"T8+2r  204+n)

2 2

7 :27r+% >0
-

h i 4’4 >0
.. Where r = : :
2(4+7)’ dr?

Now,

areais least when 7 = —— where r = ———,
2(4+m) 2(4+m)
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k

k—2m | =
[2(4+7r)} 8kt 2mk—21k Kk

a =

Question 8

+ 204+ 7 x4

examelite.com

A window is in the form of a rectangle surmounted by a semicircular opening. The total perimeter of the window is

10 m. Find the dimensions of the window to admit maximum light through the whole opening.

Solution

Ans: x and y are the length and breadth of the rectangular window.

Z

Radius of semicircular opening = 5

.-.m+2y+7;—X=10
Y
:>w(1+§)+2y:10

2

_5 1 ™
=y=90—=x 2+4
>2

1 =« T,
—m[5—m<§+z>}+§xm

=2y =10—z(1+ 7))

v X
A=ay+5(3

dz? 4
a4 _
dx
T s
=5-a(1+5)+go=0
™
:>5—w—zm:0
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5 20
= ™ T+ 4
1+ —)
(1+4
_ 20 @4
R +4° dx? ’
20
area is maximum when length £ = ———m.
T+4
N 5 20 247 5 5(2+m) 10
ow, Yy =0 — =9 — = m
Y T+4\ a4 T+4  7w+4
the required dimensions length = ————m and breadth = ————m.
T+ 4 T+4
Question 9
A point of the hypotenuse of a triangle is at distance a and b from the sides of the triangle. Show that the minimum
3
2

2 2
length of the hypotenuseis | a3 +b3

Solution

Ans: A ABC'right-angled at B. AB = x and BC = y.

P be a point on hypotenuse such that P is at a distance of a and b from the sides

AB

and
BC

respectively.

Ze=106

AC =+
PC = bcosect
AP = asecf
AC = AP+ PC
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AC = bcosecO + asech..... (1)

d(AC)
do

~d(AC)
do

= —bcosecOcot O + asecOtanl

= asecftanf = bcosecOcot

a sinf b cos®

cosf cosf sin@ sin @

= asin®0 = bcos®H

1 1
= (a) 3 sinf = (b) 3 cosd
1
= tanf = <£> 3
a
1 1
®) and cos§ = L ..... (2)

b
2 2 2 2
a3 +b3 ad +b3

1
learl dZ(AC) 0 when tan 0 = b §
clearly 402 < Uwhentant = a .

—

b

the length of the hypotenuse is the maximum when tan 6§ = (—) 3 .
a

1
b\ 7
Now, when tan 6 = (5) 3

1

b\ =

tanf = <—> 3
a

2 2 2 2
b ag—kb§ a ag—l—bg
AC = 1 + 1
b3 a3
2 2 2 2
—a\la3 +53 |53 +a3
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3
2 2\3%
3
25 2\73
maximum length of the hypotenuseis= | a3 + b3
Question 10

Find the points at which the function f given by f(z) = (z — 2)*(z + 1)? has
(i) local maxima

(ii) local minima

(iii) point of inflexion

Solution

Ans: f(z) = (z — 2)*(z +1)3

fl(x) =4z 232+ 1) +3(x+ 1) (z - 2)*

= (z—2)3(x+1)*4(z + 1) + 3(z — 2)]

=(z —2)3(x+ 1)2%(7z — 2)

f’(w):O:>w:—1andw:§0rw:2

2 2
for z close to 2 and to left of = f'(z) > 0.

2 2 2
for z close to = and to right of = fl(z) >0.z = 7 is point of local minima.

as the value of x varies f'(z) does not changes its sign.

x = —1 is point of inflexion.

Question 11

Find the absolute maximum and minimum values of the function f given by

f(z) = cos’z + sinz, z € [0, 7]
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Solution

Ans: f(z) = cos’z + sinz

f'(xz) =2cosz(—sinz) + cosz

= —2sinxcosz + cosx

fl(x) =0

= 2sinzcosz = cosz = cosz(2sinz — 1) =0

. 1
= sinx = 3 orcosz =0

T o
:>m:€,or5asw€[0,7r]

2
T o T LT V3 1_
f(€>—C°SE+SmE—<T) t3 =

f(0) =cos’0+sin0=1+0=1

| ot

f(m) = cos?’m +sinm = (-1)2+0=1

Y — cos2 ™ 4 gin F — _
f(2> cos2—|—sm2 0+1=1

)
absolute maximum value of f is 1 atx = 5

s
The absolute minimum value of fislatx = 0,z = 5 and 7.

Question 12
Show that the altitude of the right circular cone of maximum volume that can be inscribed in a sphere of radius r is

4r
3
Solution

L
Ans: V = §7TR h

BC = v/r?2 — R?
h=r++vr?2— R?

1 1 1
LV = ZnR (r+ VP =) = SaRir + RV - B
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2 2 2 —2R
LAV 2 e B (22R)
drR 3 3 3 9/r2 _R?
2 2 3
= —7mRr + —7T7TR\/7’2 — R?2 — R—
3 3 3vr? — R?
92 2nRr (r* — R?) — 7R3
= —7mRr +
3 3vVr2 — R2
2 2nRr? — 3nRr®
= —7Rr
3 3vVr2 — R?
dVv _0
dR?
2mrR - 37R% — 27 Rr?
3 3vVr2 — R?

= 2rvVr? — R?2 = 3R? — 212
= 42 (r? — R?) = (3R2 — 2r?)”
= 147* — 4r2R? = 9R* + 4r* — 12R2r2

= 9R* — 8°R* = 0

= 9R? = 8r?
872
2 __ 20
= R* = 9
1
3vr? — R? (27r® — 9nR?) — (27R’ - 37R’) (-6R) ———;
d*V._ 2mr N W R
dR?2 3 9(r2 — R?)
1
3vVr2 — R? (271'7‘2 — 97rR2) - (27rR3 - 37TR3) (3R)—2
B 27r i 22 — R
3 9(r2 — R?)
8r2 d*V
henR?2= — —— < 0.
wnen 9 ' dr? *
2 2
volume is the maximum when R2 = % R? = 8%
height of the cone = r + 4/ 72 — 8—R2 =7r+ ﬁ —r—f—i — 4_7'
k N 9 9 '3 3
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Question 13

Let f be a function defined on [a, b|such that f,(m) > (O forall z € (a,b). Then prove that f is an increasing
function on (a, b).

Solution
Ans: Consider | be the interval (a, b)
Given that f (z) > Ofor all x in an interval I. Consider 1, 1, €l with 1 < 2.

By Lagrange’s Mean Value Theorem, we have,

fl@)—f@) _ f’

pra— (c)where 1 < ¢ < 2

!

= f(zs) — f(z1) = (x2 — x1) f (c)where 21 < ¢ < @
Now x1 < X2

=x9—a1>0.......... 1)

Also, f () > Ofor all z in an interval |

= f(c)>0

From equation (1), f(z2) — f(z1) > 0

= f(z1) < f(z2)

Thus, for every pair of points x1, 1, €l with 1 < x2

= flz1) < f(z2)

Therefore, f(x) is strictly increasing in I.

Question 14

2R
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R is —3, also

find the maximum volume.
Solution

Ans:h = 2V R2 — r2

V = mr*h = 2ar*VR2 — 12

av 2772 (—2
.o —— =4arvR?2 —r2 + SorATer (=2r)
dr o9v/RZ — 12
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3

=4nrvV R2 — 12 — 2

R2 o 1,.2
drr (R — r?) — 2mr3

- R2 _ 2
B A7rR? — 673
N RZ _ 2

av
Now, — = 0 = 4nrR2 — 6713 = 0

dr

s 2R?
=7r2=""
3
VEZ =7 (4nR? — 18m%) — (4mrR? — 6mrd) — )
d?v B 29vVR2 — 2
dr2 (R? — 1?)
(R2 — rz) (47‘(’R2 — 187rr2) +r (47rrR2 — 67rr3)
- 3
(B2~ 12)2
B ATR* — 22772 R? + 1277 + 4nr® R?
N 3
(B2 —12)2

2R? d*V
2 T e— —
rt = 3 g2 < 0.

. . , 2R* , 2R?

volume is maximum when r* = 3 a— T

2R?2 R? 2R
height of the cylinder is 2\/R2 ——3 = 2 3 = %
2R

the volume of the cylinder is maximum when the height of the cylinder is —

V3

Question 15

Show that the height of the cylinder of greatest volume which can be inscribed in a right circular cone of height h

4
and semi veritical angle a is one-third that of the cone and the greatest volume of the cylinder is Ewh%anQa.

Solution

Ans:
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r = htana

since AAOQG is similar to ACEG,

40 _cE
OG  EG
h H
T TR
H= h R) = ht R) = ! ht R
~ _?(T_ )_htana( anas )_tana( ana — R)
TR?
volume of the cylinderis V = nR*H = (htana — R)
tana
3
= 7R*h — UL
tana
av 3nR?
" dR 7rRhtama
dav _0
dR
2
= 2nRh = Smht
tana

= 2htana = 3R

2h
= R= ?tana

2 67R
IV orrn_ "

dR? tana

2h
And, for R = ?tan a, we have:

dR? T tana

d?v " 67 <2?fz

—tan a> =2mh —4mh = —27h <0

volume of the cylinder is greatest when R = ?tan a.

1 2h 1 htana h
htana — —tana | = = —,
tana 3 tana 3 3

the maximum volume of the cylinder can be obtained as

Mo NT(RY (AR N (R 4
T 3 ana 3 =T 9 an-a 3 —2771' an-a

2h
R = ?tana,H =
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Question 16

examelite.com

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic meters per hour. Then the depth

of the wheat is increasing at the rate of

A.

Im/h

0.1m/h

1.1m/h

D.

0.5m/h

Solution

Ans. V = 7( radius )*x height

= m(10)2h (radius = 10 m)

— 1007h
av oo db
dt T dt

Tank is being filled with wheat at rate of 314 cubic meters per hour.

dVv
O 314m3/h
7 314 m?/
dh
314 = 100m—
dt
dh 314 314

:> _— = = == ]_
dt — 100(3.14) 314

The depth of wheat is increasing at 1 m/h.

The correct answer is A.
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