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Chapter 4: Determinants

NCERT - Class 12 - Maths

Exercise 4.1

Question 1

Evaluate the determinant:

Solution
Ans: Solving the determinant { we have:
2 4 2 4 2 4
= =2(—1) —4(-5) = =—2+20= =18
-5 -1 -5 -1 -5 -1
Question 2
Evaluate the determinants.
i
cos@ —sinf

sinf@ cosf

x2-x+1  x-1 ‘
x+1 x+1

Solution

Ans: Solving the determinant

sinf cos@

cos @ —sin@‘

cosf —sinf
We have: =

_ ‘ = (cos ) (cosf) — (—sinB) (sinh)
sinf cosd
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cosf —sinf
mY cos20 + sin’6

sinf cos@

We know,

cos’0 + sin’0 = 1

cosf —sinf

sinf cos@

Ans: Solving the determinant

x2-x+1  x-1
x+1 x+1]
2_ -
We have: = | xtloxl) (x2-x+1) (x+1) - (x-1) (x+1)
x+1 x+1
2— -
= |* xrl o xl = x3-x?+x+x%-x+1- (X2-1)
x+1 x+1
2_ _
So, xxtl o x-1 =x3+1-x2+1
x+1 x+1
. X2_X+1 X‘]. _ XS_X2+2
x+1 x+1
Question 3
If A=
i
4 2
, then show that
24| =4 /4|
Solution
Ans: Given that,
A [1 2]
4 2
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Multiplying A by 2, we have:

e L

2 8 4
= 2A= l2 4]
8 4
L.H.S
2 4
:|2A|:( ‘
8 4

= |2A|=2x4—4x8

= |2A|=8 — 32
CO2A=—24
The value of determinant A is
N :H 3‘
= |A]|=2-38
-~ Al=—6

R.H.Sisgivenas4|A]|.
o4 A =4 % (-6) =-24

Hence, we have L.H.S = R.H.S

. |2A] =4|A]
Question 4
If
1 0 1
A=1{0 1 2
0 0 4
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, then show that

I3A| =27 A

Solution

Ans: Given,
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1 01
A=10 1 2
0 0 4

Determining the value of determinant A, by expanding along the first column, i.e.,
C1
, We get:

:>|A|:1¢1 2 0 1‘+0‘O 1’

0 4 0 4 1 2
= |A|=1(4—-0)—-0+0

N

= |A| =4
- 27 |A| =27 x 4 = 108

...... (1) The value of |3A| is obtained as:

1 0 1
=3A=3|0 1 2
0 0 4]
3 0 3]
=3A=10 3 6
0 0 12
.'.|3A|:3)3 6‘-0‘0 3‘+0’0 3)
0 12 0 12 3 6

= 3(36-0) +0+0

= |3A|=3 x 36
Thus,
|I3A| =108
...... (2) From equations (1) and (2), we have:
|3A| =27 |A|

Hence proved.

Question 5
Evaluate the determinants
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2 -1 -2
iv.|0 2 -1

3 -5 0
Solution
Ans:Let

3 -1 -2
0 0 -1
13 5 0]
3 -4 5
1 1 -2
2 3 1
01 2
10 -3
2 3 0]
3 -1 -2
A=l0 0 -1
3 5 0

Determining the value of A by expanding along the second row, we have:

:>\A\:—O‘

Ans: Let

-1
-5

= |A| = (-15+3)

oA =-12
3 4 5
A=|1 1 -2
2 3 1

Determining the value of A by expanding along the first row, we have:

ExameElite - examelite.com

:>|A|:3‘

1
3

-2
1

[+

1
2

2

1
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= |[A|=3(1+6) +4 (1+4) +5(3-2)
= |A|=21+20+5
o |A] =46

Ans: Let

0 1 2
A=|-1 0 -3
-2 3 0

Determining the value of A by expanding along the first row, we have:
0 -3 -1 -3 -1 0
:>|A|:()‘ M M {
3 0 -2 0 -2 3
= [A[=0(9) — (-6) +2(-3)
. |A|=0

2 -1 -2
Ans:Let A=|0 2 -1| Determining the value of A by expanding along the first column, we have:
3 5 0
;$|A|:2)2 -1‘_0‘-1 -2‘+3‘-1 -2‘
-5 0 -5 0 2 -1
= |A|=2(-5) -0+ 3(5)
= |A|=—10+15
. |A|=5

Question 6
If

1 1 -2
A=12 1 -3
5 4 -9

, find
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A
Solution
Ans: Given,
1 1 -2
A=12 1 -3
5 4 -9

Determining the value of A by expanding along the first row, we have:
1 -3 2 -3 2 1
S A FH L H
4 -9 5 -9 5 4
= |A|=1(-9+12) —1(-18 +15) — 2(8 — 5)

= |A|=3+3-6

. |A|=0
Question 7
Find values of
T

, if
i

2 4 B 2x 4

5 1] |6 x
ii.

}2 3'_ X 3}

4 5| |2x 5
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Solution

Ans: Given,

2x 4
6 x

.
5 1

Solving it, we have:
=(2x1)—(5x4)=2zxz)— (6 x4)
=2—20=2z"—24
= —18 + 24 = 22°
2

=3==z

Applying square root on both the sides, we obtain:

=x=24+3
Ans: Given,

2 3| |x 3

4 5 2x 5

Solving it, we have:
= (2x5) — (3x4)=(xx5) — (3 x2x)
= 10 — 12=bx — 6%

= —2=—X
Multiplying by (—1) on both the sides, we obtain:
=>x=2

Question 8
If

z 2| |6 2

18 z| |18 6
, then
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x
is equal to
1 6
2 +6
3 -6
4. 0
Solution
Ans: Given,
x 2 6 2
18 x :’18 6}

Solving it, we have:
= x> — 36 =36 — 36
= x* — 36=0

= x°=36
Applying square root on both the sides, we obtain:

= x==6
Hence, B.

+6

is the correct answer.

Exercise 4.2

Question 1
Find the area of the triangle with vertices at the point given in each of the following:

(1,0),(6,0),(4,3)

(2,7),(1,1),(10,8)

ExameElite - examelite.com
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iii.

(-2,-3), (3,2) ,(-1,-8)
Solution
Ans: Given vertices,

(1,0),(6,0), (4,3)

Thus, the area of the triangle is given by,

1 1

= A=—
2 6
4

w O O

1
1
1
S A= %[1 (0-3)-0 (6-4) +1 (18-0)]

1

15
= AZ?

square units
."Area of the triangle with vertices

(1,0),(6,0), (4,3)

square units.

Ans: Given vertices,
(2,7),(1,1),(10,8)

The area of the triangle is given by,

2 o7
—A=51 1 1
10 8 1
1
= A= [2(1-8)-7(1-10) +1 (8-10)]
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square units

."Area of the triangle with vertices

square units.

Ans: Given vertices,

The area of the triangle with vertices

is given by,

.".The area of the triangle with vertices

ExameElite - examelite.com

1

= A=2[2(-1)-7(-9) +1(-2)]

1
= A= [16-+63]

47

(2,7),(1,1),(10,8)

(-2,-3), (3,2) ,(-1,-8)

(-2,-3), (3,2) ,(-1,-8)

-2 -3 1
= AZE 3 2 1
-1 -8 1

N A:%[-z (248) +3 (3+1) +1 (-24+2),

1
= A= [-20+12-22)

30
= A= —7
= A=-15

(2,7),(1,1),(10,8)

examelite.com

Page 12 of 104



ExamElite - Textbook Solutions examelite.com

15| =15

square units.

Question 2
Show that points

A (a,b+c) ,B (b,c +a),C (c,a +b)
are collinear.
Solution
Ans: To show that the points
A (a,b+c) ,B(b,c +a), C(c,a +b)

are collinear, the area of the triangle formed by these points as vertices should be zero.

.". Area of
AABC
is given by,
112 b+c 1
= AZE b cta 1
c atb 1
Applying the row operations,
Ry — Ry — Ry
and
Rs — R3 — Ry
a btc 1

1
= A= 3 b-a ab 0
cca ac O

Taking out (a — b) and (¢ — a) common from

R»
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and
R;
respectively,
1 a b+c 1
= Aza(a-b) (ca)[-1 1 0
1 -1 0
Applying the row operation
R3 — R3+Rs
1 a b+c 1
= A:E(a-b) (cca)|-1 1 0
0 0 0

We know that when all the elements of a row or a column in a determinant are zero then the value of the

determinant is always zero.

. A=0
Thus, the area of the triangle formed by points
A
B
and
C
is zero.

Hence, the points
A (a,b+c) ,B(b,c +a),C(c,a +b)

are collinear.

Question 3
Find values of
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if area of triangle is

square units and vertices are:
i.

(k,0), (4,0),(0,2)

(-2,0),(0,4), (0,k)
Solution

Ans: Given vertices are

(k,0), (4,0),(0,2)

We know, the area of the triangle is given by,

1
= A=—
2

o A~ X
N O O

1
1
1

= A= [k (0-2)-0(4-0) +1 (8-0)

= A:%[-2k+8]
SLA=—-k+4
Since the area is given to be
4
square units, thus
—k+4==24
When
—k+4=-4
k=38
When
—k+4=4

ExameElite - examelite.com
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Hence,

Ans: Given vertices are

The area of the triangle is given by,

Since the area is given to be

square units, thus

When

When

ExameElite - examelite.com

k=0,8

(-2,0), (0,4), (0,k)

22 01

1
:>A:§ 0 4 1
0 k 1

= A= [2(4 )

=A=k—-4
4
k—4=44
k—4=—4
k=0
k—4=4
k=38
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Hence,
k=0,8
Question 4
Determine the following:
i. Find the equation of line joining
(1,2)
and
(3,6)
using determinants.
ii. Find the equation of line joining
(3,1)
and
(9,3)
using determinants.
Solution
Ans: Let us assume a point,
P (x,y)
on the line joining points
A(1,2)
and
B (3,6)
Then, the points
A

,Band P are collinear.
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Thus, the area of the triangle

ABP
will be zero.

1 2 1

: l 3 6 1|=0

.. 2 -
x y 1

1
= 5[1 (6-y) -2 (3-x) +1 (3y-6x)] =0

= 6-y-6+2x+3y-6x=0
= 2y-4x=0
= y=2x

.. The equation of the line joining the given points is

Yy =2z
Ans: Let us assume a point,

P (x,y)
on the line joining points

A(3,1)
and

B(9,3)
Then, the points

A
,B and P are collinear.
Thus, the area of the triangle
ABP

will be zero.
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3 1 1
9 3 1|=0
x y 1

1

= %[3 (3-y)-1(9-x) +1 (9y-3x)] =0

= 9-3y-9+x+9y-3x=0
= 6y-2x=0
= x-3y=0

.. The equation of the line joining the given points is

x-3y=0
Question 5
If the area of triangle is
35
square units with vertices
(2,-6)
(5,4)
and
(k,4)
. Then
k
is
1 12
2 -2
3. -12,-2
4. 12,-2
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Solution

Ans: Given vertices,

and

The area of the triangle is given by,

N A:% 2 (4-4) +6 (5-k) +1 (20-4K)]

Given, the area of the triangle is

square units.

Thus, we have:

When

ExameElite - examelite.com

-6

1 2
:>A:§ 5 4 1
k 4

1
= A= [50-10K]
= A=25-5k
35

= 25 — 5k = 435
= 5(5—k) = +35

=5—k=47
5—-k=T7
= -2

examelite.com
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When
5—k=—7
k=12
Hence,
k=12,-2
Thus, D.
12, -2

is the correct option.

Exercise 4.3

Question 1

Write Minors and Cofactors of the elements of following determinants:
2 4
0 3

Solution
Ans: Given,
-
0 3

Minor of an element is termed as the determinant obtained by removing the row and the column in which that

element is present.

Minor of element

is denoted by

,where

¢ and j denotes the row and the column of the determinant respectively.
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< My =3
M;5=0

My =4
My =2

examelite.com

Cofactor of an element is termed as the determinant obtained by removing the row and the column in which that

element is present preceded by a negative or a positive sign based on the position of the element.

Thus,

Cofactor of

Similarly,

ExameElite - examelite.com

Ay=(-1)""M
= Allz(-l)lJrlMll
= Ay = (-1)°(3)
A;1=3

A22—2
a C
b d
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Ans: Given,

Minor of element

is denoted by

Cofactor of

Similarly,

ExameElite - examelite.com

a C

b d

" My =d
M;,=b
Ms;=c
Mjyy=a

Aij=(-1)"M
= An=(-1)""Mu
= Ay = (-1)° (d)

coAn=d

= App=(-1)""M,
= Ap=(-1)° (b)
A12= —b
= Ao =(-1)*"" My,
= Ay=(-1)*(c)
“Ay=—c

= A22:(—1)2+2M22

examelite.com
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Question 2

Write Minors and Cofactors of the elements of following determinants:

1 0 O
1. 0 1 0
0 0 1
Solution
Ans: Given determinant,
1 0 O
0 1 0
0 0 1
Minor of element
aij
is denoted by
1 0
M= =1
; ]0 1]
0 0
= M= =0
12 0 1
0 1
= Mi3= =0
13 0 0
0 O
= My = =0
21 0 1
:>M22: 1 2 :1
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Cofactor of

ExameElite - examelite.com

1 0

:>M23: 0 0 =0
0 0

:>M31: 1 0 =0
1 0

= M3o= 0 0 =0
0

= Mjs3= 1 =1

aij

= Agp=(-1)""Ma = 1

= A23:(-1)2+3M23 =0
3+1

= A31:(-1) M3 =0

= A32:(-1)3+2M32 =

= A33:(-1)3+3M33 =1

0 4
5 -1
0 1 2

examelite.com
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Ans: Given determinant,

Minor of element

is denoted by

Cofactor of

ExameElite - examelite.com

1 0 4
3 5 -1
0 1 2

3 -1
= Mp= ‘ ‘ =6-0=6
0 2
= M= ) 500 ‘ —3-0=3
0
0 4
]! o
1 2
1 4
= My,= } ‘ —2-0=2
2
1 0
= M23: ' 1 ‘ :1-0:1
0 4
= Mj3;= ‘ 1 ‘ =0-20=-20
4
= Mso= ‘ 1 ‘ =-1-12=-13

examelite.com
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Ai=(-1) M
= Ap=(-1)""My =11
= Ap=(-1)"M;, =6
= Ap=(-1)"My3 = 3

= A21:('1)2+1M21 =—4
= Agy=(-1)"""Myy =2
= Agy=(-1)""My; = 1

= Ag=(-1)>""M3, = —20

= Agr=(-1)""My, = —13

= Agy=(-1)""My3 = 5

Question 3

Using Cofactors of elements of second row, evaluate

5 3 8
A=|2 0 1
1 2 3
Solution
Ans: Given determinant,
5 3 8
2 0 1
1 2 3
Determining the minors and cofactors, we get:
3 8
= My = =9—-16= -7
2 3

A21:('1)2+1M21:7
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Since,

is equal to the sum of the product of the elements of the second row with their corresponding cofactors.
oA = a1 Az + axnA + asAas
= A=2(7)+0(7)+1(7)
Hence,

A=21

Question 4

Using Cofactors of elements of third column, evaluate

1 x yz
A=|1 y zx
1z xy)
Solution
Ans: Given determinant,
yz
ZX
Z Xy
Determining the minors and cofactors, we get:
1
= My3= Yl=z- Yy
1 =z
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Since,

is equal to the sum of the product of the elements of the first row with their corresponding cofactors.

SoA = a3A;3 + axz Aoz + azzAss
=A=yz(z—y) tzz(z—2) +zy(y—=z)
= A=y — Pz 42’z — 2 +zy’ — 2Py

= A = (2%2 — y?2) + (y2* — 22?) + (zy® — 2°Y)
=A=(z—vy) [z.'z:+zy—z2—:13y}
= A=(z-y)z(z—2) +y(z— =)
Thus,

A= (x-y) (v-2) (z-x)

Question 5

For the matrices

A
and
B
, verify that
(AB) '=B'A’
where

ExameElite - examelite.com
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a1 Q2 Qg
If A =|ay as as|and A;;is Cofactors of a;; , then value of A is given by

aszr as2 as3

1. a;j1A3; +aj2A3 +aj3As;3

2. a1 Ar + a2z +ai3Ag

3. az1A11 + az2A12 + a23A13

4. aj1Ai1 + az1A21 + asg1As;
Solution

ai; a2 a3
Ans: Itisgiventhat A = |ay; a9 ass |-

asy asz Aasg

The value of A by expanding along first column is obtained as,

ai (azz- az3 — az3. 032) — ag1 (a,12. aszz — ai3. a32) + a3 (a12. a3 — A13. a22)

Now, the cofactor Aij of element a;; is given by (—1)HJMij, where M;; is the minor. Minor is the determinant

obtained by cancelling the ith row and jth column of the original matrix.

. . a2 a3 .
Now for element a1, the minor is My, = = a9y. a33 — A93. azzand the cofactor is
asz2 ass
1+1
A = (—1) (a22-a33 - a23.a32) = A = (a22- asz — a23-a32)-
P _|Q12 a3| ;
Next for element asq, the minor is My, = = a13.a33 — a13. azo and the cofactor is
a3z ass
_ 2+1 _
Ay = (—1) (012~a33 - a13.a32) = A = — ((112-6133 — azs. a32).
. . a2 a3 .
Next for element a1, the minor is M3; = = a12. @23 — a13. a22 and the cofactor is
Q2 Q23

Azl = (—1)?’+:l (a12.a23 — a13. az2) = Az1 = (a12. a3 — ai13. a22).
Now substituting the terms as obtained from above computation in equation 1,
a1 Ay — ag (—Aar) + a3 Az
a1 Ay + ag Ay + az Az

This matches with option d.

ExameElite - examelite.com Page 30 of 104



ExamElite - Textbook Solutions

Exercise 4.4

Question 1

Find the adjoint of each of the matrices.

H

Solution
Ans: Let

1 2

A_

3 4
Since, Cofactor of

aij
is

"
Az’j:('l)l JMij

Thus,

= Au=(-1)"My; = (-1)°Mys
= A;1=4
= Ap=(-1)""Mi; = (-1)°M1,
= A = -3
= An=(-1)""Ma1 = (-1)’Ma
= Ay=—2
= Agy=(-1)""Myy = (-1)" My,
= Ay =1
We know that adjoint of a matrix is the transpose of its cofactor matrix.

Thus,

All A12]T
A21 A22

adjA= l

ExameElite - examelite.com
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4 -2
adjA=
301
Question 2
Find adjoint of each of the matrices
1 -1 2
2 3
22 0 1
Solution
Ans: Let
1 -1 2
A=12 3 5
22 0 1
Since, Cofactor of
aij
is
Ay=(-1)"M;;
Thus,
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2 3
= A3 = =0+6=6
13 ‘_2 0’ +
Similarly,
:> A21—(-1)2+1M21 == (-1)3M21
-102
= Ay = = (~1-0)=1
a=|y 4|=-1-0)
= Azzz(—1)2+2M22 = (—1)4M22
2
= A.2 :(-1) +3M2 = (-1) M23
1 1
= Agyy= —(0—2)=2
n=|y 3|=0-2
and

We know that adjoint of a matrix is the transpose of its cofactor matrix.
Thus,

A1l A12 413717 3 —12 6
A31 As,  A33 9 -1 5

I
—_
(S
[\]
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Question 3
Verify

Solution

Ans: Given,

Hence,

Since, Cofactor of

Then,

ExameElite - examelite.com

A (adjA) = (adjA) A= AT

M

(2

Al =12 (~12)

=|Al =0
1
|A|I:0{ 0]
0 1
~jar=|2 "
0 0
aij

= Ap=(-1)"My; = (-1)°My,
= Aj=—6

= Ap=(-1)""My = (-1)*°My,
= A, =14

= Ay =(-1)"""My; = (-1)*My,

:>A21:—3

examelite.com
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= AQQZ(-1)2+2M22 = (-1)4M22

:>A22:2

. |—6 4
Cofactor matrix is .
-3 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.
Thus,

adj A= [_6 _3]

4 2

Now, multiplying A with its adjoint, we have:

éA(ade):li :Z] l_46 _23}

A (adjA) = [—124—12 —6+6]

24-24 12-12

- A (adjA) = lg g}

Similarly, multiplying

(adjA)
with
A
, we get:
= (adjA) A= l_ﬁ _3] [ 23 ]
4 2 -4 —6
~. (adjA) A= l—12+12 —18+181
8§—8 12 — 12
0 0
- (adjA) A=
i) A= [ 1]
Thus,

A (adjA) = (adjA) A= |A| I

Hence verified.
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Question 4
Verify
A (ade) = (ade) A=|A|I
1 -1 2
0 -2
1 0 3
Solution
Ans: Let
1 -1 2
A=13 0 -2
1 0 3

= |A| =1(0-0) +1 (9+2) +2 (0-0)

- |Al=11
1 0 O 11 0 0
|A|I:11 01 Of=10 11 O
0 0 1 0 0 11
Since, Cofactor of
aij
is
AzJ:(‘l)i+jMZJ
Thus,

= A11:(-1)1+1M11 = (-1)21\/[11
= A11:0
142 3
= A12:(-1) M2 = (-1) M;i2

= Ap=—-(9+2)=-11
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Similarly,

and

Cofactor matrix is

= A=(-1)""M;3 = (-1)* M3

:>A13:0

= Azlz(-1)2+1M21 = (-1)3M21
:>A21:— (—3+0) =3
= A22:(-1)2+2M22 = (-1)4M22
= A22 =3-2=1
= Agy=(-1)*"Mys = (-1)° M3
:>A23:— (0—|—1) = -1

= A31:(-1)3+1M31 = (-1)41\/[31
= A31 =2—-0=2
= A32:(-1)3+2M32 = (-1)5M32
:>A32:—(—2—6):8
= A33=(-1)3+3M33 = (-1)6M33

:>A33:0+3:3

0 —-11 O
3 1 -1
2 8 3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

ExameElite - examelite.com

0 —11 017
=adjA= |3 1 -1

2 8 3|

- -
cadjA= | —11 1

0 -1 3]
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Now, multiplying A with its adjoint, we have:

1 -1 270 3 2
= A(adjA)=|3 0 -2|[-11 1 8
1 0 3/Lo -1 3
041140 3-1-2  2-8+6

= A(adjA)=| 0+0+0 9+0+2 6+0-6
0+0+0 3+0-3 2+0+9

11 0 0
.'.A(ade): 0 11 0
0 0 11
Similarly, multiplying
(adjA)
with
A
, We get:
0 3 2 1 -1 2
:>(ade)A: -11 1 8 3 0 -2
0 -1 3 1 0 3
0+9+2  0+0+0 0-6+6
= (adjA)A= [ -11+3+8 11+0+0 -22-2+24
0-3+3 0+0+0  0+249
11 0 0
S(adjA)A=|[0 11 0
0 0 11
Thus,

A (adjA) = (adjA) A= |A| T

Hence verified.

Question 5

2 =2
Find the inverse of each of the matrices (if it exists). {4 ]
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Solution

Ans: Let

Since, Cofactor of

Then,

= A11:(—1)1+1M11 = (—1)21\/[11

= A12:(-1)1+2M12 = (-1)3M12

= A21:(-1)2+1M21 = (-1)3M21

= A22:(-1)2+2M22 = (—1)41\/[22

. |3 —4
Cofactor matrix is )
2 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.

L adjA= [

Hence, the inverse of the matrix A is given by,

ExameElite - examelite.com

A [2 —21
4 3
= |A| =6+38
Al =14
aij

= A11:3

= A12:-4

$A21=2

:>A22:2

1

= A'=—adjA

Al

3 2
-4 2
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Question 6

Find the inverse of each of the matrices (if it exists).

Solution

Ans: Let

Since, Cofactor of

Then,

ExameElite - examelite.com

G

A {-1 5]
-3 2
= |Al=-2+15
A =13
aij

= Allz(—1)1+1M11 = (—1)2M11
= A11:2
:> A12:(-1)1+2M12 = (-1)3M12
= A12:3
= A21:(-1)2+1M21 = (-1)3M21
= A21 = -5

= A22:(—1)2+2M22 = (—1)4M22
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= Ay = —1

. l 2 3 }
Cofactor matrix is .
-5 -1

We know that adjoint of a matrix is the transpose of its cofactor matrix.

- adjA= l2 _5]
3 -1
Hence, the inverse of the matrix A is given by,
41 .
= A" =——adjA
Al

12 -5
Al=—
13[3 -1]

Question 7

Find the inverse of each of the matrices (if it exists).

1 2 3
0 2 4
0 0 5
Solution
Ans: Let
1 2 3
A=10 2 4
0 0 5
Then,

= |A|=1(10 — 0) — 2(0 — 0) +3 (0 — 0)
- JA|=10

Since, Cofactor of
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Thus,

Similarly,

And

Cofactor matrix is

10
—10
2

5
—4

0
2

Ay=(-1)"M;

= Ap=(-1)""M;; = (-1)°My
= A;1=10—-0=10
= App=(-1)""Ms = (-1)’M,
= A1 =—-(0+0)=0
= Ap=(-1)"M3 = (-1)"M;3

= A13:0

= Ap=(-1)>"My; = (-1)°My
= Ay=— (10— 0)=— 10
= Ago=(-1)"My, = (-1)" M,
= Ap=5-0=5
= A23:('1)2+3M23 = ('1)5M23
= Ay=—(0—0)=0

= Ay =(-1)"""My, = (-1)"Ms,
= A5 =8—-6=2

= A32:(-1)3+2M32 = (-1)5M32

We know that adjoint of a matrix is the transpose of its cofactor matrix.
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10 —10 2
sadjA=| 0 5 —4
0 0 2

Hence, the inverse of the matrix A is given by,

Al
10 -10 2
A= Ltlo 5
~ 10
0 0 2
Question 8
Find the inverse of each of the matrices (if it exists).
1 0 0
3 3 0
5 2 -1
Solution
Ans: Let
1 0 0
A=13 3 0
5 2 -1
Then,

= |A|=1(-3 — 0)-0+0

Al =-3
Since, Cofactor of
aij
is
"
Aij=(-1)""My;
Thus,

ExameElite - examelite.com
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= Allz(-1)1+1M11 = (-1)2M11
— Ay=—-3-0=-3
= A12:(-1)1+2M12 = (-1)3M12
:>A12:—(—3—0):3
= A13:(-1)1+3M13 = (-1)4M13

= A3 =6-15=—9

Similarly,
= Ay =(-1)""My; = (-1)°My,
= A= — (0—|—O) =0
= Agp=(-1)""*Mas = (-1)*Ma2
:>A22:—1—0:—1
2+3 5
= A23=(-1) Mos = (-1) M3
= Ap=—(2-0)=-2
and
= Ay =(-1)""My = (-1)'My,
=A;;1=0-0=0
= A32:('1)3+2M32 = ('1)5M32
:>A32:—(0—0):0
= A33=('1)3+3M33 = ('1)6M33
= A33 =3-0=3
-3 3 -9
Cofactor matrixis | 0 —1 —2
0 0 3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

3 3 —917
=adjA=|0 -1 -2
0 0 3
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examelite.com

3 0 0
cadjA=|(3 -1 0
-9 -2 3

Hence, the inverse of the matrix A is given by,

1
= A'=—adjA

Al
-3 0 0
A=tz a0
. . - 10
-9 -2 3
Question 9
Find the inverse of each of the matrices (if it exists).
2 1 3
4 -1 0
-T2 1
Solution
Ans: Let
2 1 3
A=14 -1 0
702 1
Thus,

= |A| =2 (-1-0) -1 (4-0) +3 (8-7)

= |Al=2(-1)—-1(4)+3(1)

S A= -3
Since, Cofactor of
ajj
is
Ay=(-1)"My;
Thus,
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Similarly,

and

Cofactor matrix is

-1
)
3

—4
23
12

1
—11
—6

= Ap=(-1)""M;; = (-1)°My
= Ap=—1-0=-1
= Ap=(-1)""M;, = (-1)°My,
= A =—(4-0)= -4
= As=(-1)"M;3 = (-1)"M;;

= A;3=8-7=1

= Ay =(-1)""My; = (-1)°My,
= Ap=—(1-6)=5
= Ap=(-1)""Maz = (-1)"M2
= Ap =2+21=23
= Agz=(-1)""Ma3 = (-1)° M3
= Ap=—(4+7)=-11

= Ay =(-1)""Mjy; = (-1)"M3
= A3;=0+3=3
= Agp=(-1)*"Ms, = (-1)° M3,
= Ap = —(0—12) =12
= A33:('1)3+3M33 = ('1)6M33

:>A33:—2—4:—6

We know that adjoint of a matrix is the transpose of its cofactor matrix.

-1
=adjA=| 5
3

ExameElite - examelite.com

—4
23
12

1
—11
—6

T
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-1 5 3
coadjA= -4 23 12
1 -11 -6

Hence, the inverse of the matrix A is given by,

1
= A'=—adjA
Al
-1 5 3
Alet g 23 12
10
1 -11 -6
Question 10
Find the inverse of each of the matrices (if it exists).
1 -1 2
0o 2 -3
3 -2 4
Solution
Ans: Let
1 -1 2
A=10 2 -3
3 -2 4
Expanding along column
Cy

= |A|=1(8—6)-0+3(3 —4)
S Al =1

Since, Cofactor of
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Thus,

Similarly,

and

Cofactor matrix is

= Ap=(-1)""M;; = (-1)°My
= A;1=8-6=2
= App=(-1)""M;, = (-1)*My,
= A =—(0+9)=-9
= A=(-1)""M;3 = (-1)"M;;

$A13:0—6:—6

= A21=(-1)2+1M21 = (-1)3M21
= Ap=—(—4+4)=0
= A22=(-1)2+2M22 = (-1)41\/[22
= Ap=4—-6=-2
= Agy=(-1)*"Mas = (-1)° M3

= Ap=—(-2+3) =1

= A31=('1)3+1M31 = ('1)4M31
= A31 =3-4=-1
= A32:(-1)3+2M32 = (-1)5M32
= Az =—(-3-0)=3
= A33:('1)3+3M33 = ('1)6M33

:>A33:2—0:2

2 -9 -6
0 -2 -1
-1 3 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.
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The inverse of the matrix A is given by,

2 0 -1
Al=-1-9 -2 3
-6 -1 2

-2 0 1

Hence,A"'=]9 2 -3

6 1 —2]

Question 11

Find the inverse of each of the matrices (if it exists).

Solution

Ans: Let

Expanding along column,

ExameElite - examelite.com

2 -9
=adjA=| 0 -2
-1 3
2 0
=adjA=|-9 -2
6 -1
T S
= A =—adjA
Al
1 0 0

0 cosa sina

0 sina -cosa

1 0 0

A=|0 cosa sina

-1

0 sina -cosa

Ci

= |A| =1 (-cos’a-sin’a)

= |A| = — (cos’a+sin’a)

Al =1
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Since, Cofactor of

Thus,

Similarly,

and

ExameElite - examelite.com

Aij=(-1)" My,

= Allz(-l)lJrlMll = (-1)2M11

2 2

= A;;= — cos“a —sin“a= — 1
= Ap=(-1)""My = (-1)°My,
= A2 =0
= A13=(-1)""My3 = (-1)"My3

:>A13:0

= Ag=(-1)>"My; = (-1)°Myn
= A2=0
= An=(-1)""Ma = (-1)"M,
= Ay = —cosa
= Agy=(-1)*"Mas = (-1)° M3

= Ay3= —sina

= Agy=(-1)*""My;, = (-1)"My,
= A3 =0
= Agp=(-1)>"Ms, = (-1)° M3,
= A3y = —sina
= Ags=(-1)""Mys = (-1)°Ms;3

= A33 = cosa
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Cofactor matrix is

-1 0 0
0 —cosa —sina
0 —sina cosa

We know that adjoint of a matrix is the transpose of its cofactor matrix.

1 0 o 1"
=adjA=| 0 —cosa —sina
0 —sina cosa
0
. adjA= -cosa -sina

-sina cosa

The inverse of the matrix A is given by,

1
= A'=——adjA
Al
-1 0 0
A'=—-1|0 -cosa -sina

0 -sina cosa

Hence,
1 0 0
A'=(0 cosa sina
0 sina -cosa
Question 12
Let
A {3 7]
2 5
and
B 6 8
79
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. Verify that

Solution

Ans: Let

Thus, determining the value of

Since, Cofactor of

Thus,

(AB)'=B'A™

A l3 7]
2 5
Al
= |A|=15—14
Al =1
aij

= Ap=(-1)""M;; = (-1)°My
= A;1=5
= Ap=(-1)""M;, = (-1)’My,
= Ap=-2
= Aoy =(-1)""My, = (-1)°My
= Ay =7
= Agp=(-1)""My, = (-1)" My

:>A22:3

We know that adjoint of a matrix is the transpose of its cofactor matrix.
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T
adjA= [ g 21
-7 3
= adjA= l g 7}
— 3
The inverse of a matrix is given by,
1
Al=—adjA
Al
Hence,
Al 5 -7
-2 3
For
B l6 8]
79
= |B| =54 — 56
cBl=—2
Thus,

= Allz(—l)lJran = (—1)2M11

= A11:9

= A12:(-1)1+2M12 = (-1)3M12

:>A12:—7

= A21:(-1)2+1M21 = (-1)3M21

= A21 = -8

= A22:(—1)2+2M22 = (—1)4M22

= Ay =26
We know that adjoint of a matrix is the transpose of its cofactor matrix.
T
9 7
-8 6

:>ade:l9 _81
-7 6

s adjA= [

ExameElite - examelite.com
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Hence,

Thus,

Now, multiplying B~! and A"

Similarly, multiplying the matrices A and B, we get:

The value of

ExameElite - examelite.com

aij:lg '8]
-7 6
1 _
Blz—aij:——[g 8
B 20-7 6
2y
Bl=| 2
! 3
2
, we get:
9
—— 4
S BlAl= | 2 o T
T o5|l2 3
2
45 g 63+12
aad |27 2
I E IR ¥
2 2
61 87
B-IA-I_ 2 2
ar 6r
2 2
:AB:F’ 7} l6 8]
2 5] 17 9
B_l18+49 24+63]
12435 16+45
. AB_ |67 &
47 61
|AB|
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= |AB| =67 x 61-87 x 47
= |AB| =4087-4089

. |AB| = —
The adjoint of (AB) is given by,
= adj (AB) = o1 -87
-47 67
Thus, the inverse is,
= (AB)'= dj (AB
(AB)'=157adi (AB)
1 B l -87
2 1-47 67
61
_ S 7
.(AB) "= ﬂ ﬂ
2 2
....... )
From (1) and (2), we have:
(AB)'=B'A™!

Hence proved.

Question 13
IfA= { 3

1
2} ,show that A% — 54 4 71 = 0.Hence findA~ .

Solution

Ans: Given,

=[5 0]

ExameElite - examelite.com
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We can write,

The value of

Hence,

Multiplying by

on both the sides, we have:

ExameElite - examelite.com

A=A A

=[5 )13 o]

-1 2
A2 9 3+
-3-2 -1+4

:>A2:{8 5}
-5 3

A2 5A+TI

= A2 5ALTI= ls 5] -5 {3 1] +7[

-5 3 -1 2

70 7 0
= AZBALTI=
e I R

0 0
A2 BATI=
" [0 0]

A%-5A+71=0
= AZ5A=-TI
A-].

— AA (A‘1> —5AAT= — 71A™

~ A (AA'l) _ BI= — 7TIA

— AI — 5I= — 7TIA™

|

1
0

0
1

|
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A= ;(A _51)
= A= (51 A)
=x=2([5 o) 13 5))

12 -1
Al==
2

Question 14

For the matrix

A— 3 2
1 1
.find the number
a
and
b
such that.
A24+aA+bI=0
Solution
Ans: Given
3 2
A=
1 1
We can write,
A=A A

A2:[3 2] l3 2}
1 1)1 1
2 [9+2 6+2
3+1 241
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L [11 8}
4 3
Solving
A’ +aA+bI=0
by multiplying the whole equation by
A1

= (AA) A +aAA ' +bIA =0
= A (AA™) +al+b (1A) =0

= Al+al+bA =0

= Atal=-bA™"
41
Now, determining the value of
A—l

We know that the adjoint of a square matrix is the transpose of its cofactor matrix.

Hence, the adjoint of matrix A is:

1 -2
" adjA =
a1 7]

The inverse is given by,

1

Al 1[1 -2]
111 3
Alz{l -2}
-1 3

Thus,

ExameElite - examelite.com
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-3-a 2

1 2] |5 B
j[-1 3] 1 -la
b b

Equating the corresponding elements of the two matrices, we get:

S
..b=1
-3-a
= - = 1
a=—14
Thus,
—4
and
1
are the required values of
a
and
b
respectively.
Question 15
For the matrix
1 1 1
A=|1 2 -3
2 -1 3

show that

A3-6A%24+5A1111=0
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. Hence,
Al
Solution
Ans: Given,
1 1 1
A=|1 2 -3
2 -1 3

1 1 1 1 1
=A*=|1 2 3|1 2 -3
2 -1 3|2 -1 3

1+1+41  142-1  1-3+3
= A’=| 142-6 14443 1-6-9
2-1+6  2-2-3  2+3+9

4 2 1
S A’=|3 8 -14
7 -3 14

4 2 1 1 1 1
= A’=A’A=|3 8 -14||1 2 -3
7 3 14][2 -1 3

44242 444-1 4-643

= A’=| 31828 -3+16+14 -3-24-42
7-3+28  7-6-14  T+9+42

8 7 1
A= |23 271 69
32 -13 58
Substituting the values for
A3
A2
and
A
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AP 6A%+5A+111

, we have:
8 7 1 4 2 1 1 1 1 1 0 0
= A3 6A%+5A+111=[-23 27 -69|-6|-3 8 -14|+5|1 2 -3|+11|0 1 0
32 -13 58 7 -3 14 2 -1 3 0 0 1
8 7 1 24 12 6 5 5 5 11 0 0
= A%-6A%+5A+111=|-23 27 -69|-|-18 48 -84|+ 1|5 10 -15|+11|0 11 0
32 -13 58 42 -18 84 2 -5 15 0 0 11

24 12 6 24 12 6
= A’-6A%+5A+111= | -18 48 —84}-!-18 48 -84
42 -18 84 42 -18 84
0 0
0 0
0 0

0
s AP 6A%+5A+11I= | 0
0

Thus,

A3-6A%2+5A+111=0

Since,

A3-6A%2+5A+111=0

Multiplying the whole equation by
A1
, we have:

= (AAA)A-6 (AA) AT H5AATH11TA =0

— AA (AA'1> “6A (AA'1> +5 (AA'1> —11 (IA'1>
= A%-6A+5I=11A"

-1 1 2
= A =17 A“-6A+5I

. (1)
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Now,

is given by:

— A2 6A+5I=

= A%-6A+5I=

Substituting for

equation (1), we get

-3 +5

-18 | +

A%-6A+5I

4 2 1 1 1
3 8 -14|-6|1 2
7 -3 14 2 -1
4 2 1 6 6
3 8 -14|-]16 12
7 -3 14 12 6
4 2 1 6

= A%26A+5I=|-3 13 -14|-| 6
7 -3 19 12
3 -4 -5
. A%6A4+5I=[-9 1 4
5 3 1

A2-6A+51
. 3 -4 -5
Al=—_—|._

= g9 1 4
5 3 1

. 3 4 5

* A__]':— - -
. g9 -1 4
5 -3 -1

Question 16
If

verify that
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2 -1 1
A=1|-1 2 -1
1 -1 2

A3-6A%24+9A+41=0

1

3
6

18

6

12

-6

]
o O Ot o O =

6

-18

18

o ot O o = O

= O

ol O O
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and hence find

Solution

Ans: Given,

Similarly,

Now,

is given by:

= A®-6A%4+9A-4I= | 21 22

ExameElite - examelite.com

Al
2 -1 1
A=1-1 2 -1
1 -1 2

1 -1 2 1 -1 2

44141 -2-2-1 24142
= A’=| -2-2-1 144+1 -1-2-2
24142 -1-2-2  1+144
6 -5 5
~A=|5 6 5
5 -5 6
6 -5 5 2 -1 1
= A*=A’A=|5 6 5| |-1 2 -1
5 -5 6 1 -1 2
124545 -6-10-5 6-+5+10
= A’=| -10-6-5 5+124+5 -5-6-10
10+5+6 -5-10-6 5+5+12
22 21 21
SA=121 22 21
21 -21 22
A3-6A%+9A-41
22 21 21 6 -5 5 2
21|-6|-5 6 -5|+9]-1
21 -21 22 5 -5 6 1

examelite.com
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22 -21 21 36 -30 30 18 -9 9 4.0 0
= A®-6A%4+9A-41= |21 22 -21|-|-30 36 -30|+|-9 18 -9]-10 4 0
21 -21 22 30 -30 36 9 -9 18 00 4

40 -30 30 40 -30 30 0 00

= A’-6A*4+9A-41=|-30 40 -30|-[-30 40 -30|=1]0 O 0]

30 -30 40 30 -30 40 00 0

A3 6A%19A-41=0

Since,

A3-6A%1+9A-41=0

Multiplying the whole equation by

A—l
, we have:
= (AAA) A6 (AA) AT H9AA T 4TA =0
= AA (AA’l) 6A (AA'1> +9 (AA'l) —4 (IA'1>
— AAL-6AT+9I1=4A"!
= A2-6A+9I=4A"
= A'IZ% (A2-6A+91)
...... (1)
Now,
A2 6A+91
is given by:
6 -5 5 2 -1 1 000
A26A+91=|-5 6 -5|-6]-1 2 -1|/49|0 0 0
5 -5 6 1 -1 2 0 0 0
6 -5 5 12 -6 6 9 0 0
AZ6A+9I=|-5 6 -5|-|-6 12 6|+]|0 9 0
5 -5 6 6 -6 12 00 9
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1 -1
SLATGARII=|1 3 1
-1 3
Substituting for
A%-6A+91
equation (1), we get
1 -1
A=l og g
4
-1 3
Question 17
Let
A
be nonsingular square matrix of order
3x3
. Then
ladjA|
is equal to
1. |A|
2. AP
3. AP
4, 3|A|
Solution

Ans: Given A is a nonsingular square matrix, i.e., it is a square matrix whose determinant is not equal to zero.

The inverse of a matrix is given as

1
A-1 = W CLdJA
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= ATA= iade
A

= |A|I = adjA

examelite.com

The adjoint of matrix A is given by,

Hence, B.

is the correct answer.

Question 18

If

is an invertible matrix of order

, then

is equal to

1.

ExameElite - examelite.com

Al 0 0
— (adjA)=A=|A|I=| 0 |A| O
0 0 A
Al 0 0
~ |(adjA)A|=| 0 |A] O
0 0 A
1 0 O
= |adjA[|A|=[A |0 1 o|=[A](T)
0 0 1
. ladjA|=|A[
A
A
2
det(A'l)
det (A)
1
det (A)
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3.

4.

Solution

Ans: Since

is an invertible matrix, thus

exists and it is given by:

As matrix

is of order

.. Let

Hence,

The adjoint of

would be,
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A-lzma‘de

|A| =ad-bc
A
adjA= ld _b]
-c a

examelite.com
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Now, the inverse of the matrix is given by:

1

:>A'1:made
_i i_
L ai | TAT TA]
-C a
| Al JA]
-i i-
L | AT TA
-c a
| JA][A]
1 _L d -b
i'A ’_'A2’ - a
= 'Al = ﬁ(ad—bc)
_ 1
?‘Al‘ZE Al

Thus,

Hence, B.

det (A)

is the correct answer.
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Exercise 4.5

Question 1

Examine the consistency of the system of equations.
z+2y=2

2 +3y =3

Solution

Ans: The given system of equations is:

T+ 2y =2

22 + 3y =3

The given system of equations is:

T+ 2y=2
20 + 3y =3

1 2 2
The given system of equations can be written in the form of AX = B, where A = lz } , X = l ] and

- o

Now, |[A| =1(3) —2(2) =3—-4=-1+#0
.. A'is non-singular. Therefore, A~! exists.

Hence, the given system of equations is consistent.

Question 2

Examine the consistency of the system of equations.
2c —y=>5

r+y=4

Solution

Ans: The given system of equations is:

2c —y=2>5
r+y=4
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The given system of equation can be written in the form of AX = B, where A = [

B— m Al =2(1) — (-1)(1) =2+1=3#0

.. Ais non-singular. Therefore, A~1 exists.

Hence, the given system of equations is consistent.

Question 3

Examine the consistency of the system of equations.
z+3y=>5
2z + 6y =8

Solution

Ans: The given system of equations is:

z+3y=>5
2z + 6y =8

The given system of equation can be written in the form of AX = B,

where A = [1 31 , X = lwl and B = [51
2 6 Y 8

Now, |A| = 1(6) —3(2) =6 — 6 =0

.. Ais a singular matrix. (ad jA) = { 6 _3]

examelite.com

-2 1
o= (%, ] (225 [5]
-2 1 8 —-10+8 -2
Thus, the solution of the given system of equations does not exists. Hence, the given system of equations is
inconsistent.
Question 4

Examine the consistency

z+yt+z=1

ExameElite - examelite.com
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2¢ +3y+2z=2

ar +ay+2az=4

Solution

Ans: The given system of equations is:
r+y+z=1

2¢ +3y+2z2=2

ax +ay+2az=4

The system of equation can be written in the form of AX = B,

11 1 x 1
whereA= |2 3 2 |,X=|y|andB= |2
a a 2a z 4

Now, |A| = 1(6a — 2a) — 1(4a — 2a) + 1(2a — 3a)
=4a—2a—a=4a—-3a=a#0

.. A is a non-singular matrix. Therefore, A~ exists. Hence, the given system of equation is consistent.

Question 5

Examine the consistency of the system of equations.

3z —y—2z=2

2 —z=—1
3z —5y=23
Solution

Ans: The given system of equation is:
3z —y—2z2=2

2 —z=—1

3z — 5y =3

This system of equations can be written in the form of AX = B,
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3 -1 -2 x
whereA= (0 2 —-1|,X=|y|andB=
3 -5 0 z

Now, |A| = 3(=5) — 0+ 3(1+4) = —15+15=0

.. A'is a singular matrix.

-5 10 5
Now (adjA)=| -3 6 3
—6 12 6
-5 10 5 2
- (adjA)B=|-3 6 3| |-1
—6 12 6 3
—-10-10+15 —5
= —6-6+9 | =|-3]|#0
—12-12+18 —6

Thus, the solution of the given system of equations does not exist. Hence, the system of equations is

inconsistent.

Question 6

Examine the consistency of the system of equations.
Sc —y+4z=5

2z + 3y +5z=2

5 — 2y +6z=—1

Solution

Ans: The given system of equation is:
S5t —y+4z=25
22 +3y+5z2=2

5 — 2y + 6z = —1

The system of equation can be written in the form of AX = B,

5 —1 4 x 5
whereA= (2 3 5|,X|y|landB=| 2
3 -2 6 2 -1

ExameElite - examelite.com
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Now, |A| = 5(18 + 10) + 1(12 — 25) + 4(—4 — 15)

= 5(28) + 1(—13) + 4(—19)
— 140 — 13 — 76
—51#0

.". A is non-singular. Therefore, A1 exists. Hence, the given system of equations is consistent.

Question 7

Solve the system of linear equations, using the matrix method.

5 + 2y =4
Tr+3y=2>5
Solution

Ans: The given system of equations can be written in the form of AX = B,

where A = [5 2] , X = [:c] and B = l4]
7 3 Y )

Now |A| =15—-14—-1#0
Thus, A is non-singular. Therefore, its inverse exists.

Now,

' -7 5

,‘,X:Alels —2] 4]
-7 5 5

- [} =[] = [

Hence,z = 2andy = —3

Question 8

Solve the system of linear equations, using the matrix method.

20 —y=—2
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3z +4y =3
Solution

Ans: The given system of equations can be written in the form of AX = B,

where A = lz _1} , X = [m} and B = l_ﬂ
3 4 Y 3

Now, |A| =8+3=11+#0

Thus, A is non-singular. Therefore, its inverse exists.

A1 — |A]'(adj A) = %l 4 1}

-3 2
xmanm L]
11[-3 2 3
)
Ll wle] | 2
Y 11| 6+ 6 11 [ 12 12
11
-5 12
Hence, Tz = 11 andy = 11
Question 9

Solve the system of linear equations, using the matrix method.

dr — 3y =3
3r —by=1"17
Solution

Ans: The given system of equations can be written in the form of AX = B,

where A = [4 _3] , X = [x] and B = l?)]
3 —5 Y 7

Now, |[A| = -20+9=—11#0

Thus, A is non-singular. Therefore, its inverse exists.

won st = Loy L3 3175 9]

A 1 [-3 4] 11[3 —4
x=—atp= | 3|3
T 113 4] |7
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B HIH
i {195—_ 22811
o

11
19

11
—6 —19

Hence,z = — and y = ——
ence, z = - andy 11

Question 10

Solve the system of linear equations, using the matrix method.

5z +2y =3
3z +2y =25
Solution

Ans: The system of equation is

5T + 2y =3
3x+2y=2>5

Writing the above equation as AX = B
HHIMeH
3 2]y 5

[} e[}

2 Y 5
Calculating |A|
5 2
Al =
3 2

:5(2)—3(2):10—6:4
Since |A| # 0
The System of equation is consistent and has a unigue solution

Now,
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AX =B
X=A"B
Calculating A ™

1

Atl= —
|A]

adj(A)

Interchange sign

adjA = l 2 _2}

-3 5
Now,
1
A= _—_adjA
| Al
_ 172 =2
AT ==
.
Thus,
X=AB

<
N

=17

Hence,z = -1 & y=14

Question 11

Solve the system of linear equations, using the matrix method.

2c+y+z=1
5 _3
T Y z—2
3y—5z=9
Solution

Ans: The given system can be written as AX = B, where

ExameElite - examelite.com
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2 1 1 1
A=|[2 -4 —2|,X=|y| andB= |3
0 3 -5 z 9
2 1 1
2 —4 -2
0 3 -5

= 2(20 + 6) — 1(—10 — 0) + 1(6 — 0)
_ 52+ 1046 = 68 # 0

Thus, A is non-singular, Therefore, its inverse exists.

Therefore, the given system is consistent and has a unique solution given by X = A~'B

Cofactors of A are

A =20+ 6 =26

Ay = —(—1040) = 10
Ai3=6+0=6

Ay =—(-5-3)=38
Agpy=-10—-0=—-10
Agpz = —(6—0) = —6
Ay = (—2+4)=2
App=—(-4-2)=6
Az =-8—-2=-10

26 10 6 17
adj(A)= |8 —10 —6

2 6 10
2% 8 2
— |10 -10 6
6 -6 -—10
26 8 2
1 1 : 1
A= L(adjA)= 5110 ~10 6
6 -6 —10
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z 26 + 24 + 18
= |y | =< 1030+ 54
2 6 — 18 — 90
68 1
_ 1 |1
== 34 | =173
~102 =

Hence,wzl,y:%andz:—

Question 12

Solve a system of linear equations, using matrix method.

T—y+z=4
20 +y—32=0

T+yt+z=2

Solution

Ans: The given system of equations can be written in the form of AX = B,

1 -1 1

where A= |2 1 -3|,X=

1 1 1

Now, [A| =1(1+3)+1(2+3)+1(2-1)=4+5+1=10#£0

Thus A is non-singular. Therefore, its inverse exists. Now, A1y =4, A1 = —5,4;13=1

Ag =2,A9 =0,A33 = -2
A3z =2,A3, =5,A433 =3

. A—l

=T 0

ExameElite - examelite.com
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4 2 2 4
1

.'.X:A_lB:ﬁ -5 0 b5
1 -2 3 2
x 16+0+4
= |y BT —20+0+410
z 44+0+6
1 20
=10 —10
10
2
= | -1
1

Hence,x =2, y=—-1, & z=1

Question 13

Solve the system of linear equations, using the matrix method. 2z + 3y + 3z =5
x—2y+z=-4
3x —y—2z2=3

Solution

Ans: The given system of equation can be written in the form of AX = B where
Al =2(4+1)—3(2-3)+3(—1+6)
= 2(5) — 3(=5) + 3(5)
=10+15+15=40+#0
Thus, A is non-singular. Therefore, its inverse exists. Now.
A =5,4=5A413=5

Ay =3, A9 = —13, A3 — 11
Ay =9, A1 =1, A3 = =7

5 3 9
-A—l—i(ad'A)—L 5 —13 1
S DT e Ty

5 11 -7
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1
X=A'B=—|5 — .
. o5 181 4
5 11 —7] | 3
25 — 12 + 27
=Y == 25+52+3
2] 40
25 — 44 — 21
4
Ll
~ 40
—40
1
— | 2

Hence,z = 1,y =2and z = —1

Question 14

Solve the system of linear equations, using the matrix method.
r—y+2z=17

3z +4y —5z=—5

2 —y+32=12

Solution

Ans: The given system of equations can be written in the form of AX = B,

1 -1 2 T 7
whereA= |3 4 -5|,X=|y|landB=|-5
2 -1 3 z 12

Now,
Al =1(12—-5)+1(94+10) +2(-3—-8)=7+19—-22=4#0
Thus, A is non-singular. Therefore, its inverse exists. Now, A;; = 7, A1 = —19, A3 = 11

A21 — 1aA22 — _1aA23 =—-1
A1 = =3, A1, =11, A3, =7

71 -3
AT = |A|1(ade)=Z ~19 -1 11
~11 -1 7
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X=A'B= -19 -1 11 -5
-1 -1 7 12
T 1 49 —5— 36
= |y =7 —133 +5+ 132
z —77+5+ 84
2
=7 =
12 3

Hence,z = 2,y = 1land z = 3.

Question 15

2 -3 b
IfA= l3 2 4] , find A~! Using A~! solve the system of equations 2z — 3y + 5z = 11
1 1 -2

3z +2y—4z=-bzx+y—2z=-3

Solution
2 -3 5
Ans:A=1|(3 2 —4
1 1 —2

S A|l=2(—4+4)+3(—64+4)+5(3-2)=0-6+5=—1#0
Now, All :0,A2 :2,A3:1

Az = —1,A5 = =9, A3 = -5

) 0 -1 2 0 1 -2
,',A‘lzm(ade):— 2 -9 23| =|[-2 9 -23
1 -5 13 -1 5 -13

Now, the given system of equations can be written in the form of AX = B,

2 -3 5 x 11
whereA=13 2 —4|,X=|y|landB=|-5
1 1 =2 z -3
x 0o 1 =2 11
The solution of the system of equations is givenby X = A™'B |y | = | -2 9 —23 —5 | Using (1)
z -1 5 -—13 -3
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0-5+6 1
=1-22-454+69| = |2
—11 —-25+39 3

Hencexz =1, y=2,and 2 = 3

Question 16

The cost of 4Kg onion, 3 kg wheat and 2 kg rice is Rs60. The cost of 2 kg onion, 4 kg wheat and 6Kg rice is Rs
90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70 .

Find cost of each item per kg by matrix method

Solution

Ans: Let the cost of onions, wheat and rice per kg be Rs. X and Rs. Z respectively.
Then, the given situation can be represented by a system of equations as:

4z + 3y + 2z = 60

2z + 4y + 62 = 90

6z + 2y + 32— 70

This system of equations can be written in the form of AX = B,

4 3 2 x 60
where A= |2 4 6|,X|y|andB= |90
6 2 3 z 70

|A| = 4(12 —12) — 3(6 —36) +2(4 —24) =0+90 — 40 =50 # 0
Now,

All — O, A2 — 30, A13 — —20
Ay = —5,A5 = 0,453 =10
As1 = 10, Azy = —20, Agz — 10

0 -5 10
cadjA=1]3 0 -20
—20 10 10
0 -5 10
,',A—1:A|1ade=5—10 30 0 —20
—20 10 10

Now,
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X=A"B
L[ o -5 107760
= X=553 0 -20] |90
—20 10 10 | |70
x 0 — 450 + 700
= |y | =75| 1800+0— 1400
2 —1200 + 900 + 700 |

S.x=5,y=8andz =38

Hence, the cost of onions is 5 Rs per kg, the cost of wheat is 8Rs per kg, and the cost of rice is 8Rs per kg.

Miscellaneous Exercise

Question 1

Prove that the determinant

T sinf cos®
—sinf —=z 1
| cos@ 1 z |
is independent of
0
Solution
Ans: Let
T sinf cosf
A=|—sinf —=x 1
cos 6 1 T

To solve it, we have:
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= A=z (2> — 1) —sinf (—zsinf — cos§) + cos 0 (—sinf + z cos )

= A =23 — 2+ zsin’0 + sinfcos§ — sin H cos O + zcos>0
=A=z—-z+z (sin29 + coszﬁ)

= A=x’-x+x

o A=
Hence,
A
is independent of
0
Question 2
Evaluate
cosacosf8 cosasinf8 —sina
—sin g cos B 0
|sinacos B sinasinf cosa |
Solution
Ans: Let
cosacosf3 cosasinfB —sina
A=| —sinp cos 8 0

sinacosfS sinasinf cosa
Expanding along column
Cs
= A= —sin«a (— sin asin®B + cos®Bsin a) + cos (cos acos®B + cos asinzﬂ)
= A = sin’a (ssin’8 + cos?f) + cos’a (cos®B + sin®p)
= A = sin’a (1) + cos’a (1)
L A=1
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Question 3
3 -1 1 1 2 =2

fA'=|-15 6 -5|$and$B=|-1 3 0 |$, find$(AB)"
5 -2 2 0 -2 1

Solution

Ans: The below result will be used for simplification,
(AB) ' = B4}

Finding the inverse of matrix B. So, the determinant is
IBl=1(3-0)—2(—-1-0)—2(2-0)

= |B|=3+2-4

~|Bl =1

Now finding the cofactors,

3 0
By = (—1)'! ’:>B —3
1= (-1) 9 1 11
~1 0
By = (—1)'2 = Bpp =1
o= (1] 1‘ "
-1 3
Bz = (—1)'" — B3 =2
13=(-1) 0 _2‘ 13
2 -9
321 = (—1)2+1 ‘ = BQI = — (2 — 4) =2
2 1
1 -2
322 = (—1)2+2 = B22 =1
0 1
1 2
Bys = (—1)*"® = By =2
23 ( ) 0 _2 23
2 2
B31=(—1)3+1 3 0 = B3; =6
1 -2
B, = (—1)3"2 ‘:>B -2
32 ( ) _1 0 32
1 2
Bz = (—1)*"° . 3‘;»333:(3+2):5

ExameElite - examelite.com
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3 2
adj(B)=11 1
2 2

The inverse is given by Bl= adﬁf?. So,
3 2 6
B'=|11 2
2 2 5
3 -1 1
Now, it is already giventhat A > = | —15 6 —5
5 -2 2

So, we can compute (AB) " = B"'A™! as below,

3 2 6 3 -1 1
(AB)y'=1[1 1 2||-15 6 -5
2 2 5 5 -2 2

9-304+30 —3+12—12 3—10+12

= (AB) "= |3-154+10 -1+6-4 1-5+4

6—30+25 —2+12—10 2—10+10

9 -3 5
AB)'=1-2 1 o0
1 0 2

Question 4
Let
1 2 1
=12 3 1
1 1 5
verify that

0]

[adjA] " =adj (A'l)

ExameElite - examelite.com
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1 2 |. The adjoint will be the transpose of the cofactor matrix.
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(i)

Solution

Ans: Given,

Thus,

Similarly,

And

ExameElite - examelite.com

A=

— N

-2

e SO JURN Y
U = =

= |A|=1(15-1

~—

10-1) +1(2-3)
= |A|=14-18-1
S |A|=—5

= Allz(-1)1+1M11 = (-1)2M11
= A;;1=14

= Algz(-1)1+2M12 = (-1)3M12

= A =(-1)>"My; = (-1)°My
= As1=-9

= A2=(-1)""Mas = (-1)"My
= Ay =4

= Agy=(-1)*"Mas = (-1)° M3

= A23:1

= A31:(-1)3+1M31 = (-1)4M31

:>A31 - —1

examelite.com
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= A32:(-1)3+2M32 = (-1)5M32
= A32 =1

= Agz=(-1)*""Myg = (-1)°Ma;

= A33 - —1
Cofactor matrix is

14 -9 -1

-9 4 1

—1 1 -1

We know that the adjoint of a matrix is the transpose of its cofactor matrix.

14 -9 -11"
=adjA=|-9 4 1
-1 1 -1
4 -9 -1
cadjA=|—-9 4 1
-1 1 -1
Let us denote the adjoint of A as B. So,
14 -9 -1
B=|-9 4 1
-1 1 -1
The inverse of Ais given by
I (adjA)
=—(adj
Al
14 -9 -1
41
= A :—g -9 4 1
-1 1 -1
1 -14 9 1]
Alzg 9 —4 -1
1 -1 1 ]

ExameElite - examelite.com
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Now, we have to verify

[adjA] " =adj (A'1>

Let us compute the RHS first, i.e. the adjoint of

or

Thus,

Similarly,

ExameElite - examelite.com

-9
A‘lzg 9 —4 -1
1 -1 1

T 1409 1]
5 5 5
e .
5 5 5

1 11

. 5 5 5 |

2
= A = —g
= A13:(-1)1+3M13 = (-1)4M13

$A13:——

= A21:(-1)2+1M21 = (-1)3M21
2
= Ay=——
21 5

= AQQZ(-1)2+2M22 = (-1)4M22
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3
= Ag = 7
= A23:(-1)2+3M23 = (-1)5M23
1
= A23:-g

And

= Ay =(-1)""My = (-1)'My,
= A3 = ——
= Az=(-1)*"Mz; = (-1)° M3,
= A3 = ——

= A33:(-1)3+3M33 = (-1)6M33

= A33 =1
Cofactor matrix is

1 2 17
5 5
2 3 1
5 5 5
1 1

—_ —= -1
| 5 i

. We know that adjoint of a matrix is the transpose of its cofactor matrix.

! 2 117
5 5
—adjat=|_2 3 _1
5 5 5
1 1
S |
L 5 5 i
! 2 17
5 5 5
adiA—| 2 3 1
" 5 5 5
1 1
S |
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Next, moving to the LHS, i.e. the inverse of the adjoint of A. We have an adjoint of A as matrix B,

14 -9 -1
B=|-9 4 1
-1 1 -1

The Determinant of B is

Bl = [14(~4— 1)+ 9(9+1) — 1(~9 + 4)]
= |B| = [-70 + 90 + 5]

. |B| =25

Now the cofactors,

Thus,
= Bu=(-1)"""My = (-1)°My
= B11=-5
= Bro=(-1)""M12 = (-1)*M
= Bz = —10
= Bi3=(-1)""Mu3 = (-1)'Mis
= B13 = —5
Similarly,
= By =(-1)*""My; = (-1)°My,
= By;=-10
= Byy=(-1)""Myy = (-1)"My,
= By = —15
= Byy=(-1)""My3 = (-1)°’My3
= By3=-5
And

= B31:(‘1)3+1M31 = ('1)4M31
= B3 = -5
= 332:(—1)3+2M32 = (—1)5M32

:>B32 = -5
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= 333:(-1)3+3M33 = (—1)6M33

= ng = -25
Cofactor matrix is
-5 10 -5
-10 —-15 -5
-5 -5 =25

We know that adjoint of a matrix is the transpose of its cofactor matrix.

5 —10 -51°%
=adjB= | -10 —-15 -5
-5 -5 =25
-5 —-10 -5
s.adjB=| —-10 —15 -5
-5 -5 =25
Now the inverse is found as
Bl—i diB
“1B (adjB)
. -5 —-10 -5
;»31:% —-10 —-15 =5
-5 -5 =25
F 1 2 17
5 5 5
Bl= _E _E _i
5 5 5
1 1
- —-=
| 5 5 i
So, LHS is
T 1 2 17
5 5
. 2 3
adjAl'=| -2 2 _—
ladjA] 3 g
1 1
- = -1
. 5 5 i
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Since LHS=RHS, it is verified that

[adjA] " =adj (A'1>

Ans: Since
- 14 9 1 7
5 5 5
Al 9 4 1
5 5 5
1 1 1
. 5 5 5
and
1 2 17
5
adjd = |_2 3 _1
5 5 5
1 1
T |
| 5 5 i
, thus,

1
AT ==
y -
Also, we know that an inverse of a matrix is given by:
= (A'1> 1 adjA”
Al
[ 1 2 17
) 5 )
N (A-1>—1:_5 22 31
5 5 5
1 1 1
. 5 ) i
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Hence verified that

Question 5

Evaluate

Solution

Ans: Given,

Applying

Taking

common from

ExameElite - examelite.com

y xty X
x+y  x ¥ |

R1 — R1+Ro+R3
2(x+y) 2(x+y) 2(x+y)

A= y xX+y X
Xty X y
2 (x+y)
Ri
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1 1 1
= A=2(x+y)| v xty X
xX+y X y
Applying the row operations
CQ — 02 — Cl
and
03 — 03 — Cl
1 0 0
A=2(xty)| v x xV¥
Xty -y X
Expanding along
Ry

= A=2 (x+y) [1((z x (x)) = (=y(z — y))) +0+0]
= A=2 (x+y) [1 (=) — (~yz +¥?))]
= A=2 (x+y) [-x*+xy — ¥
= A=-2 (x+y) [x* — zy + y*]

Applying the identity,

s A=2 [x*+y°]
Question 6
Evaluate
1 x y
1 x+y y
|1 X x+y |
Solution
Ans: Given,
1 x y
A=|1 x+y vy
1 X Xty
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Applying the row operations

Rz—)RQ—Rl
and
R3—>R3—R1
1 x vy
=A=|0 y O
0 0 x
Expanding along
Cy
= A=1 (xy-0)
A =xy
Question 7
Solve the system of the following equations
2,383,100 ,
Xy Z
4 6 5
—+—+-=1
X y z
6 9 20
—+—+=—=2
X y Z
Solution
Ans: Given equations,
2 3 10
—_— — =4
X Yy z
4 6 5
——t—=1
X Yy %
6 9 20
—+—+—=2
X 'y z
Let
1
_:p
X
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and

Then the given system of equations becomes:
2p+3q+10r=4
4p-6q+5r=1
6p+9q-+20r=2

Let
2 3 10
A=|4 -6 5
6 9 -20
b
X=lq
r
and
B=]1
2
such that, this system can be written in the form of
AX=B

Now,
= |A| =2 (120-45) -3 (-80-30) +10 (36+36)
= |A| =150+330+"720
= |A| =1200
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Thus,

is a non-singular matrix.

.". Its inverse exists.

So,
—6 5
= Ap=(-1)"My; = (-1)? ‘
u=() "M = (|
= A;1=T75
4 5
= Ap=(-1)""M,;5 = (-1) ‘
= ()M = (1| D
= A12 =110
4 —6
= A13:(—1)1+3M13 = (—1)4 ’
6 9
= A3 =172
Similarly,
3 10
= Ay =(-1)>""My = (-1)° ‘
n=(-1)"" Mo = (1) 0o
= A21:150
2 10
= Agp=(-1)""My, = (-1)* ‘
2=(1)"" My = (17 0 o
= Ay =100
2 3
= A23:(—1)2+3M23 = (—1)5 ‘
6 9
= A23:0
and
= An=(1)""My = (1)*] ° 10‘
-6 5
= A3 =75
2 10
= Agpp=(-1)""My, = (-1)° 4 5 ‘

= A3 =30
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= A33:(—1)3+3M33 = (-1)6

= A33 =-24

The inverse of a matrix is given by:

L (adjA)

= Al=—
A

. 75 150 75
A'lzm 110 -100 30
72 0 -24

Now,

X=A"'B

p 1 75 150 75

= 1q =200 110 -100 30 1
r 72 0 -24

p 1 300+150+150

=200 440-100+-60

r 288+0-48
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1
2
_1
773
and
1
r=—
5
Thus
x=2
y=3
and
z=H
Question 8
Choose the correct answer.If
X,Y,Z
are nonzero real numbers, then the inverse of matrix
x 0 O
A=10 y O
0 0 z
x1 0 0
1. 0 y* 0
0 0 gz!
x1 0 0
2 xyz| 0 y! 0
0 0 z!
1 x 0 O
3 XyZz 0y 0
Y 0 0 z
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Solution

Ans: Given,

Thus,

Similarly,

and

ExameElite - examelite.com

0 0
1
- 1 0
1o 0 1
x 0 0
A=10 y 0
0 0 z
~ |A]=x (y2-0)
c A =xyz # 0

= An=(-1)""My; = (-1)°My
= An1=yz

= Ap=(-1)"Ms = (-1)°’My
= A12=0

= Az=(-1)"""M3 = (-1)"M3
= A13=0

= Ao =(-1)""My;, = (-1)°My
= Ay =0
= Ag=(-1)"""Myy = (-1)" My,
= Ay = 22
= Agz=(-1)"""Ma3 = (-1)"My;

= A23:0

= A31:(-1)3+1M31 = (-1)4M31
= A31 =0

= A32:(—1)3+2M32 = (-1)5M32
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= A3 =0

= A33:(-1)3+3M33 = (-1)6M33

= A33 =Y
Cofactor matrix is

yz 0 O

0 zz O

0 0 =zy

We know that adjoint of a matrix is the transpose of its cofactor matrix.

yz 0 O r
=adjA=|0 zz 0

0 0 =y

yz 0 O
cadjA=| 0 xz O

0 0 xy

The inverse of a matrix is given by:

Al
1 yz 0 O
=A'=— |0 xz 0
XyZz
0 xy
- vz . -
Xyz
:>A-1: 0 ﬁ 0
XyZ
0 0o X
i Xyz |
-1 -
— 0 0
X
1
=A'=0 = 0
y
1
0O 0 —
L zZ |
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Thus, A.

is the correct answer.

Question 9

Choose the correct answer.

Let

where

, then

4.

Solution

Ans: Given,
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x! 0 0
A_l— y‘l 0
0 =zt
x! 0 0
0o y! o0
0 0 gzt
1 sin @ 1
A= |—siné 1 sin 6
—1 —sin@ 1
0<6<2n
Det (A) =0

textDet (A) € (2,00)

Det (A) € (2,4)

Det (A) [2,4]
1 sin 6 1
A= | —sinf 1 sin 6
—1 —siné 1

".]A| =1 (1+sin’f) —sin@ (—sin 6 + sinh) + 1 (sin®6 + 1)
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= |A| =1 +sin?0 + sin?0 + 1
= |A| = 2 + 2sin®0

= |A| = 2 (1 +sin’f)

We know,
0<sinf <1
=1<1+sin?<2
=2 < 2(1+sin’9) <4
Thus, D.

Det (A) [2,4]

is the correct answer.
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