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Exercise 11.1

Question 1

If a line makes angles
90°,135°,45°

with the

and

axis respectively, find its direction cosines.
Solution

Ans: Let the direction of cosines of the given line be

Il,m
and
n
Therefore,
l = cos 90°
=0
m = cos 135°
1
m=——
V2
n = cos 45°
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1
n——
V2
Therefore, the direction of cosines are
0 1
b ,\/§
and
1
V2
Question 2

Find the direction cosines of a line which makes equal angles with the coordinate axes.

Solution

Ans: Let the direction of the line that makes an angle

o
with each of the coordinate axes.
Therefore,
l =cosa
m = COS &
N = COS

As, we know that,
P4+m?tn=1
So,
cos’a + cos’a + cos’a = 1

3cosa =1
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CoS"&x = —

1
cosaq = +——

V3

Therefore, the direction of cosines of the line, which is equally inclined to the coordinate axes are

1 1
+—,+—
V3 3
and
1
4
V3
Question 3

If a line has the direction ratios -18, 12, - 4, then what are its direction cosines ?
Solution

Ans: In this question it is given the direction ratio a, b and ¢ which is

—18,12
and
—4
respectively.
So,
a=—18
b=12
c=—4

The direction cosines is given as,
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- a
A /a2 + b2 + C2
—18
[ =
\/(—18)2 + (12)% 4 (—4)°
18
=%
b
m =
12
m =
V(187 + (12)° + (—4)°
- 12
™= 99
c
n —=
A /a2 + b2 + c2
—4
n =
\/(—18)2 + (12)% 4 (—4)°
B 2
"= "9
Therefore, the direction cosines are
B 18 12
227 22
and
B 2
22
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Question 4
Show that the points

(2,3,4),(-1,-2,1),(5,8,7)
are collinear.
Solution
Ans: The given points are
A(2,3,4),B(—1,-2,1)
and

O (5,8,7)

The direction ratio of line joining the two coordinates

(xlaylazl)

and
(22, Y2, 22)
is given as
(z2 — 1), (¥2 — 1)
and
(21 — 22)
The direction ratio of line
AB
is given as
(-1-2),(-2-13)
and
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(1-4)
So, the direction ratio of line
AB
is
-3, -5
and
-3
The direction ratio of line
BC
is given as
(5-(=1)),@8-(-2))
and
(7-1)
So, the direction ratio of line
BC
is6,10and 6 .
On comparing the direction ratio of
AB
and
BC
, it can be seen that the direction ratio of
BC
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is

—2
times of

AB
i.e. they are proportional.

AB = X\ (BC)
Therefore,
AB|| BC

. As point B is common to both

AB
and

BC

Therefore, given points
A(2,3,4),B(—1,-2,1)
and
C(5,8,7)

are collinear.

Question 5
Find the direction cosines of the sides of the triangle whose vertices are

(3,5,-4),(-1,1,2)and (- 5,- 5, - 2).
Solution

Ans: The given vertices of

AABC
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are
A(3,5,—4),B(-1,1,2)
and
C(-5,-5,-2)
Calculating direction cosines of side
AB

The direction ratio of line joining the two coordinates

(mhyla zl)

and

(z2, Y2, 22)
is given as

(z2 — 1), (y2 — 11)

and

(21 — 22)
The direction ratio of

AB
is given as
(~1-3),(1-5)

and
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(2—(—4))

The direction ratio of

AB

and

The direction cosines of side
AB

using direction ratio is given as,
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2
m=———-
V17
a
n:
1/a2 —|—b2+02
6
n:
V(=4 + (~2)° + (6)°
6
n—=——
24/17
3
n:

So, the direction cosines of

AB
is
2 2
VT VAT
and

Calculating the direction cosines of side

BC

The direction ratio of line joining the two coordinates
(z1,91, 21)
and
(T2, Y2, 22)
is given as

(«’132 - 901) ) (yz — 1)

ExameElite - examelite.com Page 10 of 40



ExamElite - Textbook Solutions examelite.com

and
(21 — 22)
The direction ratio of
BC
is given as
(-1-3),(1-5)
and

(2 —(—4))

The direction ratio of

BC
is
—4, -4
and
6
The direction cosines of side
BC
using direction ratio is given as,
] a
- —4
V0 +(6) + (—47
4
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So, the direction cosines of

BC
IS
2 3
VI VT
and
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Calculating the direction cosines of side
AC

The direction ratio of line joining the two coordinates

(z1,y1,21)
and
(22, Y2, 22)
is given as
(2 — 1), (y2 — 1)
and
(21 — 22)
The direction ratio of
AC
is given as
(=5-3),(-5-5)
and

The direction ratio of

AC
is
—8,—10
and 2.
The direction cosines of side
AC
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using direction ratio is given as,

So, the direction cosines of
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n:
va?+ b2+ c?

2

S8 (107 2
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is
4 5
Va2 a2
and
1
\/ 42
Therefore,

Direction cosines of

AB
IS
2 2
VT VT
and

Direction cosines of

BC
is
2 3
VT VT
and
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Direction cosines of

BC
IS
4 5
VR B
and

Exercise 11.2

Question 1

Show that the three i ith directi ines -2, —5 —4. 4 123 3 4 12
ow that the three lines wi irection cosines 3’ 13'13°’13°’13°13' 13’ 13’ 13 are

mutually perpendicular.

Solution

Ans: Two lines with direction cosines (11, m1,n1) and (l2, m2, n2) are perpendicular to each other if

lll2 + mimeo + Ning = 0

(i) For the lines with direction cosines

12 -3 —4 4 123
13° 1313 913213713 "° P8
12 4 -3 12 -4 3

l1l2+m1m2+n1n2:ﬁ><ﬁ+§x§+l—3XE

48 36 12

169 169 169
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Therefore, the lines are perpendicular.

(if) For the lines with direction cosines

4 12 3 3 —4 12 _
ﬁ,E,l—?)andl—?),1—:)),E,Weobta|n

_3 12 —4 3
Lhly+mimy +ning = —& X — + — X — +

1313 "13°13 " 13"

_ 12 48 36
T 169 169 169

=0
Therefore, the lines are perpendicular.

(i) For the lines with direction cosines
3 —4 12 O|12 -3 -4 biai
—, —, — and —, ——, ——, We obtain
137 137 13 13’ 137 13
3 12 —4 -3 12
l1l2+m1m2 +nng = —X —+ — X — +

13713 " 13 7 13 " 13

_ 36 12 48
T 169 ' 169 169

=0

Therefore, the lines are perpendicular.

Question 2
Show that the line through the points

(1, —1,2)
and

(3,4,-2)

ExameElite - examelite.com

12

13

—4

13
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is perpendicular to the line through the points

(0,3,2)
and
(3,5,6)
Solution
Ans: Let AB be the line joining the points,
(1,-1,2)
and
(3,4, —2)
and CD be the line through the points
(0,3,2)
and
(3,5,6)

The direction ratios a1, by, c1 of AB are
3-1),(4(-1)),(-2-2)

i.e.,

2,5,—4

The direction ratios as, by, ¢y of CD are

(3—0),(5—3),(6—2)
ie.,
3,2,4

AB and CD will be perpendicular to each other if
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aias + blb2 + ci1c9 = 0
(2x3)+(5x2)+ (—4x4)

=6+10—-16

=0

Therefore, AB and CD are perpendicular to each other.

Question 3
Show that the line through the points

(4,7,8)

(2,3,4)
is parallel to the line through the points

(—1,—-2,1)

(1,2,5)
Solution
Ans: Let AB be the line through the points

(4,7,8)
and

(2,3,4)

ExameElite - examelite.com
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CD be the line through the points,

(—1,-2,1)
and
(1,2,5)
The directions ratios a1, by, c1, of AB are
(2—-4),3—-7),(4—8)ie,
—2,—4,—4
The direction ratios az, b2, c2 of CD are
(1 (-1)),(2—(~2)),(5 1) ie.
2,4,4

AB will be parallel to CD, if

a_bh_a

as by Co

a —2

a—: = - =-1.()
L —1...(2)
b, 4
a_2_ 1
(&) 4

From Equations (1), (2) and (3), we get

aa b a
— = = =1
as b2 Ca

Thus, AB is parallel to CD.

ExameElite - examelite.com
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Question 4
Find the equation of the line which passes through point

(1,2,3)
and is parallel to the vector 3i + 23’ — 2k,
Solution
Ans: It is given that the line passes through the point A
(1,2,3)
. Therefore, the position vector through A is
d=1i+2j+ 3k
Also,
b=3i+2j— 2

It is known that the line which passes through point A and parallel to bis given by 7 = @ + \b where is

7 a constant.

r

%+ﬁ+ﬂk+x@%+ﬁ—2@

This is the required equation of the line.

Question 5

Find the equation of the line in vector and in Cartesian form that passes through the point with positive

A~

vector 27 — J + 4k and is in the direction 7 + 27 — k.
Solution

Ans: It is given that the line passes through the point with positive vector
G =2i—j+4k

b=i+2j—k

pll
I
ol
+
>~
S

It is known that the line which passes through point A and parallel to bis given by
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?:2%—3+4E+AG+Q3—E)
This is the required equation in the vector form
F=02+AN)i+A-1)j+@—-Nk

Eliminating A, we obtain the Cartesian form of equation as

r—2 y+1 z—4

1 2 —1

This is the required equation of line in the cartesian form.

Question 6

Find the Cartesian equation of the line which passes through the point

(—2,4,-5)

o xr+3 y—4 z2+8
and parallel to the line given by 3 = 5 = 6

Solution

Ans: It is given that the line passes through the point

(_27 47 _5)

and is parallel to z+3 = y—4 = z+8
P 3 "5 6
—4
The direction ratios of the line, z+3 = y = z+38
3 5% 6
Th ired line is parallel to y—4 _ z+8
required line i r = —
e require e is parallel to 3 3 5

Therefore, its direction ratios are

3k, 5k, 6k
, when

k0

ExameElite - examelite.com
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It is known that the equation of the line through the point (1, y,, z1) and with direction ratios (a, b, c),

is given by

r— Yy—u Z—2

a b c

Therefore, the equation of the required line is

r+2 y—4 z+5
3k 5k 6k

Question 7

The Cartesian equation of a line is

x—5 y+4 z—6

. Write its vector form.
Solution

Ans: The Cartesian equation of the line is

z—5 y+4 z— 6

3 7 2

The given line passes through the point

(5,—4,6)
. The positive vector of this pointis a = 5i — 43 + 6k
Also, the direction ratios of the given line are

3,7,2
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This means that the line is in the direction of the vector b = 37 + 73’ + 2k

It is known that the line which passes through point A and parallel to bis givenby 7 = a + b
F= (52: —43+61%) +>\(3%+73+2I})

This is the required equation of the given line in vector form.

Question 8

Find the angle between the following pairs of lines:

()

7= (2% —53‘+112:) +,\<3% —23+612:)
and

7= (7% —612:) +u(€+23+2l?:)
(i)
F= (3%+3‘—2l§:) +>\<% —3—212:)

and

7= (2%—3—561%) +u(3%—55—4l?:)
Solution

Ans: (i) Let Q be the angle between the given lines.
by - b

The angle between the given pairs of lines is given by, cos Q = | ————
[01] - b2

The given lines are parallel to the vectors, 51 = 3i— 23’ + 6k and 52 =i+ 23’ + 2k, respectively.

b1 = V32 +22+6°=7
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bo| = V12 +22+22 =3

by - by = (3%—23+61%)-(%+23+212:)

=3x14+2x246x2

=3+4+12
=19

19
cosQ = 3

1
= Q = cos ! (2—?)

(ii) Let Q be the angle between the given lines.

The angle between the given pairs of lines is given by, cos Q@ =

by - by
B1] - |52

examelite.com

The given lines are parallel to the vectors, 31 =i 3 — 2k and 32 =37 — 53’ — 412:, respectively.

o = /12 + (1) + (-2 = V6

bo] = /3 + (-5)” + (~4)° = v/50 = 5/2

by - by — (%—3—21%)-(32—53—41%)
=1x3+(-1) x (=5)+(—2) x (—4)

=3+5+8

ExameElite - examelite.com
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=16

Question 9

Find the angle between following pairs of lines.

x—2_y—1 z+3 w+2_y—4 z—25

(l)2—5:_3and_1 =1
T Yz a:—5_y—2_z—3
Wy=g=gad—r="7"="3
Solution

Ans: (i) Let Q be the angle between the given lines.

by b
The angle between the given pairs of lines is given by, cos Q) = %
|b1] - b2
The given lines are parallel to the vectors, 31 =27 + 53’ — 3k and 52 =i + 83 + 41;, respectively.

by = /2 + 5>+ (-3)* = V/38

bo = /(-1)* + 8 + 42 =9

by - by — (2%+53—31%)-(—%+83+41%)
=2x(—-1)+5x8+(-3) x4

= —2+40—-12
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= 26

(i) Let Q be the angle between the given lines.

The angle between the given pairs of lines is given by, cos Q) =

examelite.com

The given lines are parallel to the vectors, 51 =27 + 23’ + k and 32 — 87 + 3 + 812:, respectively.

by =V2° +2°+1° =3
by = V42 +124+ 8 =9

bl-bzzz(2%4—234—%)-(424—3—+8k>

=2x4+2x1+1x%x8

=8+2+8
— 18

o_ 18
COS _3><9

ExameElite - examelite.com
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Question 10
Find the values of p so that the lines

and

are at right angles.
Solution

Ans: The given equations can be written in the standard form as

-3 2p 2

and

x—1 y—>5 z—6

3p 1 -5

The direction ratios of the lines are

2p
-3, R 2 and

Two lines will be perpendicular to each other if

aias + blb2 + ci1c9 = 0

= 9p+2p—T70=0

ExameElite - examelite.com
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= 11p— 70 =0

= 11p =170

70

Thus, the value of p = 11

Question 11
T —5 B y+2 B

Show that the lines
7 )

z a:_g_
TadT=9=

Solution

Ans: We are given the equations of lines as

m—5_y—|—2_zandx_y_z
7 -5 1 1 2 3

The direction ratios of the given lines are
7,—5,1and 1,2,3

Two lines will be perpendicular to each other if
a1as + biby + c1c5 =0
Tx1+(-5)x24+1x3

=7—-104+3

=0

Therefore, the given lines are perpendicular to each other.

ExameElite - examelite.com
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Question 12
Find the shortest distance between the lines 7 = (5 + 23’ + l?:) +A (i — 3 + l%) and

P (205 k) +p (20454 2k).

Solution

Ans: The equations of given lines are

= (%+23‘+l§:) +A(%—§'+l§:) and 7 = (2% —3—1%) +u(2%+3’+2l§:).

It is known that the shortest distance between the lines ¥ = a; + /\31 and? = dp + ,LLBQ is given by

(51 x 52) (@ — @1)
d =

(1)

On comparing the equations, we obtain,

ay = <%+23+l;:)

i 7k
byxby=1|1 —1 1

2 1 2
—(-2-1)i—(2-2)j+1+2)k
= —3i + 3k
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Substituting all values obtained in equation (1),

(—3% + 312:) - (7, _ 35— 212:)

d=
3v/2
| (=3)1+3(-2) )
3v2

19

3v/2
_ 3

V2

. . T

Therefore, the shortest distance between the lines given is — units.
Question 13

z+1 y+1 2z+1 x—3 y—>5 z—T7

Find the shortest distance between the lines =
—6 1 1 -2 1

Solution

x+1 y+1 z+1 z—3 y—95 z—T7
= = and = = :

Ans: The gi i
ns: The given lines are - 6 1 1 5 1

It is known that the shortest distance between the lines
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r— 1 Yy—y zZ— 21 T — T2 Y— Yy zZ—2z2
= = and = = is given by

\/(blcz - 5201)2 + (cra2 — Czal)2 + (a1by — Clzb1)2

..(1)
Comparing the equations, we obtain,

z;=—-1Ly =-1,2=-1

aq =7,b1 2—6,61 =1

Ta=3,Yy = 9,20 =17

Q9 = 1,b2 :—2,62:1

Then,
To—T1 Yy—Y; 22— 21 4 6 8
ay b1 C1 =7 —6 1
as b2 Co 1 -2 1

=4(-16+2)—6(7—1)+8(—14+6)

= —16 — 36 — 64

= —116

Also,

\/(5102 — b2C1)2 + (c1a2 — 02a1)2 + (a1by — a251)2
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= \/(—6 +2)2 4+ (147)° + (14 +6)°

Substituting all the values in equation (1),

4 |~116
2v/29

_ ’—_58
1v/29
= |-2v29|

— 24/29

examelite.com

Since the distance is always non-negative, the distance between the given lines is —2+4/29 units.

Question 14

Find the shortest distance between the lines whose vector equations are
7= (%+2§‘+3l§:> +A<% —33+2l§:) and ¥ = (43:+53+6i<:> +u(22+33‘+l%) .

Solution

Ans: The equations of given lines are

7= (2+23+31%>+A(%—33+21%) and 7 = (4%+53+61%)+u(2%+33+l%).

It is known that the shortest distance between the lines ¥ = a; + Aby and ¥ = a; + ubs is given by

ExameElite - examelite.com
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(51 X 52) - (dg — dy)

‘81 X 32|

(1)

On comparing the equations, we obtain,

a, = (%+2§'+3l§:)

612 (%—334-2]%)
Gy = (4%+5§'+61%)
by = (2%+33+1§:)

Gy — a4y = (4%+53+6l§:) —(%+23‘+31§:)

- (3% +33+31§:)

i gk
by X by =11 -3 2
2 3 1

—(-3-6)i—(1—4)j+(3+6)k
= —97 + 35 + 9%

= [by x by| = \/(—9)2 +324+9°

=+/81+9+81=+/1T71

= 3419

Substituting all values obtained in equation (1),
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(—9% 1354 912:) : (3% 1354 312;)

d =
34/19

(—9)3+3><3+9><3‘
3v/19

9
3\/1_9‘

Therefore, the shortest distance between the lines given is

3

V19

units.

Question 15
Find the shortest distance between the lines whose vector equations are

A

F=(1-t)i+(t—2)7+3-20)k

7= (s+1)i+(2s—1)j— (2s+ 1)k
Solution

Ans: Firstly, let’'s consider the given equations
=7 =(1—t)i+(t—2)j+ (3 2t)k
F=1i—ti+tj—2j+ 3k— 2tk
P=1—2j+3k+t(—i+j—2k)
=>7F=(s+1)t+(2s—1)j — (2s + 1)k

P=(s+1)i+((2s—1)j— (2s+ 1)k
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F:s%+%—|—233—3—2sl}—7ﬁ

~

i—j—k+s(i+ 27— 2k)

r

So, now we need to find the shortest distance between

r

We know that shortest distance between two lines 7 = a1 + Aby and 7 = a2 + b

by X by) - (d@y X @
= | i) (f 2 (1)
)blxb2‘

By comparing the equations we get,

G =i—2j+3k, by=—i+j—2k
=1 —j—k by=1+2j—2k
Since,

(X134 + Y1) + Zik) — (X0 + Vo] + Zok)

= (X1 - X2)i + (Y1 —Y2)j + (%1 — Zo)k
So,dy—dy=(i—j—k)— (i —2j+3k) = j— 4k ....(2)
And,

by x by = (—i + j — 2k) x (i + 2j — 2k)

i gk
-1 1 -2
1 2 -2

by x by = 27 — 4] — 3k ....(3)

= [B1 x by = /2% + (~4) + (~3)2 = VAT T6 7 9 = 29

Now multiplying (2) and (3) we get,

(alg -+ b13 + C1]A€> . (ag’z + b23 + CQIAC) = aj1a9 + blb2 + c1co

(b1 x bo) - (a1 x ) = (24 — 4] — 3k) - (j — 4k)

=-4+18=8 ....(5)

ExameElite - examelite.com
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By substituting all the values in (1), we obtain

The shortest distance between the two lines,

8 8
d: p—
‘\/29’ V29

8
.". The shortest distance is

Miscellaneous Exercise

Question 1

find the angle between the lines whose direction ratios are a,b,c and b-c, c-a, a-b, .
Solution

Ans: As we know that, for any angle 6, with direction cosines, a,b,c and b-c, c-a, a-b can be found by,

cosh— a(b-c)+b(b-c)+c(c-a)

\/ a2-+b2 e+ 1/ (b-c)* +(c-a)+ (a-b)’
Solving this we get, cosf=0
f=cos10
=60=90°

Therefore, the angle between the two lines will be 90°.

Question 2
Find the equation of a line parallel to x-axis line passing through the origin.

Solution

Ans: As it is given that the line is passing through the origin and is also parallel to x-axis is x-axis,

Now,
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Let us consider a point on x-axis be A
So, the coordinates of A will be (a,0,0)

Now, the direction ratios of O A will be,

= (a-0) =a,0,0
i x0_3y0_20  x_Y_z_
The equation of OA= == =9 T 1= —¢c=2
Therefore, the equation of the line passing through origin and parallel to x-axis is %z%:%.

Question 3

) . . 2, . 1 g . )

if the lines %:é—k:% and ’;—;:yT:% are perpendicular Find the value of k
Solution

Ans: From the given equation we can say that a; =-3,b; =2k,c;=2and as=3k,bs=1,co=-5.
We know that the two lines are perpendicular, if ajas+bib2+cice=0
-3(3k) +2k x 1+2(-5) =0
= -9k+2k-10=0
= Tk=-10
= k=20
10

Therefore, the value of kis -

Question 4

Find the shortest distance between these two lines 7 =67 + 27 + 2k + \ (’Z — 27+ 212:)
N . . . .
r :—4i—k+u<3z’ —2j—2k)

Solution

Ans: According to the question, we need to find the distance between the lines,
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?:6%+23+2i§:+/\(%—23+21})
7:—4%—1%+u(35—23’—21%)

As we know we can find the shortest distance by,

(leBQ).(al—aQ)

d= ——
‘bIng‘

Now, from the equation of lines we get
a1=6i + 2] + 2k
— A N “
bi=1—25+ 2k
an——4i — k
— A N .
by=371 — 25 — 2k

:>'c?203_1>:(—4%—E)O(6%+23+2I§;):_105_23_3];

o |8 Tk . N .
S byxby=[1 -2 2|=(4+4)i— (-2-6)j+ (-2+6) k
3 -2 -2

(61 X 62) . (:?20?1) - (8% 1 8j 4 41%) . (—10% _ 25— 31%)
—_80-16-12
—-108

(31 ng) .((_]:1—5:2)
’51 X32’

Now, putting these values in d = , We get

d=|=33%| =9

Therefore, the shortest distance between the above two lines is of 9 units.
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Question 5

Find the vector equation of the line passing through the points (1,2,-4) and perpendicular to the two

. 8  y+19 10 x15 _ ¥-29 _ z5
lines £X2=2"— and ===
3 -16 7 3 8 -5

Solution

Ans: According to the question, we get that b :b1%+b23+b312: andd =i + 23’ — 4k

We know that the equation of the line passing through point and also parallel to vector, we get
P42 — 4k (b1%+b23+b312;) (1)

Now, the equation of the two lines will be

x-8 _ y+19 _ 210 (2)

3 16 7

x15_y2_z5  (3)

3 8 5
As we know that line (1) and (2) are perpendicular to each other, we get
3b1-16by+T7b3=0 ... (4)
Also, we know that the line (1) and (3) are perpendicular to each other, we get
3b; +8by-5b3=0 ... (5)

Now, from equation (4) and (5) we get that

by by bs

(-16)(-5)-8(7) _ 7(3)-3(-5) _ 3(8)-3(-16)

bi_by_ by bbby

24736 72 7 2 3 6
Therefore, direction ratios of b are 2,3,6
Which means b = 27 + 33’ + 6k
Putting b = 27 -+ 33’ + 6k in equation (1), we get

- (%+23-4l§:)+,\ (2%+33+6/§:)
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