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Chapter 1: Relations and Functions

NCERT - Class 12 - Maths

Exercise 1.1

Question 1

Determine whether each of the following relations are reflexive, symmetric and transitive.
1. Relation R in the set
A={1,2,3...13, 14}
defined as
R={(x,y):3x-y=0}

Solution

Ans: The given relation is:

R= {(17 3) ) (27 6), (3, 9) J (4’ 12)}

Since
(1,1), (2,2) ...
and
(14,14) ¢ R
We conclude that
R
is not reflexive.
Since
(1,3) R
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, but

. since

We conclude that

iS not symmetric.

Since

and

, but

We conclude that

is not transitive.

Therefore, the relation

3,1) ¢ R

3(3)-1#£0

(1,3)

(3,9) R

(1,9) £ R. [3(1)-9 # 0]

is not reflexive, symmetric or transitive.

1. Relation R in the set

of natural numbers defined as
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R:{(Xa Y):y

X+5
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and
x<4}

Ans: The given relation is:

R= {(17 6) ) (2a 7) ) (3’ 8)}

Since
(1,1) ¢ R
We conclude that
R
is not reflexive.
Since
(1,6) € R
but
(6,1) Z R
We conclude that
R
iS not symmetric.
In the given relation
R
there is not any ordered pair such that
(x,¥)

and

(v, 2)
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both

eR
, therefore we can say that

(x, 2)

cannot belong to

R
Therefore

R
iS not transitive.
Hence, the given relation

R

is not reflexive, symmetric or transitive.

1. Relation Rin the set
A={1,2,3,4,5,6}
as
R={(x,y):y

is divisible by

Ans: The given relation is

is divisible by
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As we know that any number except

is divisible by itself, therefore

We conclude that

is reflexive.

Since

(because 4 is divisible by 2, but

(since 2 is not divisible by 4.

We conclude that

IS not symmetric.

Assuming that

and

is divisible by

and
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(x,x) €R

(2,4) € R

(4,2) R
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is divisible by

y
. Hence

V/
is divisible by

x=(x,2) €R

We conclude that

is transitive.

Hence, the given relation

is reflexive and transitive but it is not symmetric.

1. Relation

in the set

of all integers defined as

R={(x,y):x-y}
is as integer

Ans: The given relation is

R={(x,y):x-y

is an integer
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If
x€Z (x,x) €R
because
x-x =10
is an integer.
Hence, we conclude that
R
is reflexive.
For
X,y €7
f
(x,y) €R

, then

X-y
is an integer and therefore

(y-x)
is also an integer.
Therefore, we conclude that

(v,x) €R
and hence
R

iS symmetric.
Assuming that

(x,¥)
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and

(y,z) €R
, Where

X,y,2 € Z
We can say that

(x-y)
and
(y-2)

are integers.
so,

(x,z) €R
Hence, we conclude that

R
is transitive.
Therefore the given relation
R
is reflexive, symmetric, and transitive.
1. Relation
R
in the set
A

of human beings in a town at a particular time given by
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1. The relation is:

work at the same place

Ans: The given relation is:

and

work at the same place

This implies that

Hence, we conclude that

is reflexive.

Now,

, then

and

work at the same place, which means

and
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R={(x,y):xandy

R

={(xy):x

(x,x) €R

(x,y) €R
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also work at the same place. Therefore,

(v,x) €R

Hence, we conclude that

is symmetric.

Let us assume that

(%,5), (v,2) €R

Then, we can say that

X
and

y
work at the same place and

y
and

V/
work at the same place. Which means that

X
and

v/
also work at the same place.
Therefore,

(x,z) €R
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Hence, we conclude that

is transitive.

Therefore, the given relation

is reflexive, symmetric and transitive.

1. The relation is:
R={(x,y):xandy

live in the same locality

Ans: The given relation is
R={(x,y):xandy

live in the same locality

Since,
(x,x) €R
Therefore, we conclude that
R
is reflexive.
Since
(x,y) €R
X
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and
y
live in the same locality. Therefore,
y
and
X
also live in the same locality, so,
(v,x) €R
Hence,
R
is symmetric.
Let
(x,y) €R
and
(v,z) € R
. Hence
X
and
y
live in the same locality and
y
and
V/
also live in the same locality. Which means that
X
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and

Z
also live in the same locality.
Therefore,

(x,z) € R

Hence, we conclude that

R
is transitive.
Therefore, the given relation

R
is reflexive, symmetric and transitive.

1. R={(x,y):x
is exactly
7

cm taller than

v}

Ans: The given relation is:

R={(xy):x

is exactly

cm taller than

v}
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Since,
(x,x) € R
Therefore, we conclude that
R
is not reflexive.
Let
(x,y) €R
, Since
X
is exactly
7
cm taller than
y
, therefore
y
is obviously not taller than
X
y SO,
(v,x) R
Hence,
R

iS not symmetric.

Assuming that

(x,¥), (v,2) €R
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, We can say that

is exactly

cm taller than

and

is exactly

cm taller than

. Which means that

is exactly

cm taller than

. So,

Hence,

is not transitive.

Therefore, the given relation

is not reflexive, symmetric or transitive.
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14

(x,z) ¢ R
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is wife of

Ans: The given relation is:

is the wife of

Since,

Therefore, we conclude that

is not reflexive.

Let

, Since

is the wife of

, therefore

is obviously not the wife of
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R={(xy):x

v}

R={(xy):x

v}

(x,x) € R

(x,y) €R
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» SO,

(v;x) ZR

Hence,

IS not symmetric.
Assuming that
(x,¥), (v.2) €R

, we can say that

X
is the wife of

y
and

y
is the wife of

V/
, Which is not possible. So,

(x,2z) € R

Hence,

R
is not transitive.
Therefore the given relation

R

is not reflexive, symmetric or transitive.
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1. R={(x,y):x
is father of

v}

Ans: The given relation is:
R={(x,y):x

is the father of

v}

Since,
(x,x) R
Therefore, we conclude that
R
is not reflexive.
Let
(x,y) €R
, Since
X
is the father of
y
, therefore
y
is obviously not the father of
X
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» SO,

Hence,

IS not symmetric.

Assuming that

, we can say that

is the father of

and

is the father of

, then

is not the father of

. So,

Hence,

is not transitive.
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(v;x) ZR

(%,5), (v,2) €R

(x,2z) € R

examelite.com

Page 19 of 89



ExaméElite - Textbook Solutions
Therefore the given relation

is not reflexive, symmetric or transitive.

Question 2

Show that the relation R in the set R of real numbers, defined
R= {(a,b):a§b2}

is neither reflexive nor symmetric nor transitive.

Solution

Ans: The given relation is:

Since

. (Since % is not less than i)

Therefore,
R
is not reflexive.
Since
(1,4) e R
as
14°
, but
(4,1) ¢ R
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as

is not less than

Therefore

iS not symmetric.

Assuming that

1 SO’

and

but

Hence,

is not transitive.

Therefore, the given relation

(3,2), (2,15) €R

is neither reflexive, nor symmetric, nor transitive.
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Question 3
Check whether the relation R defined in the set

{1,2,3,4,5,6}

as

R = {(a,b): b=a+1}
is reflexive, symmetric or transitive.
Solution
Ans: The given relation is

R = {(a,b):b=at+1}
defined in the set

A={1,2,3,4,5,6}

So,
R={(1,2), (2,3), (3,4), (4,5), (5,6)}
Since,
(a,a) ZR,ac A
(1,1), (2,2), (3,3), (4,4), (5,5), (6,6) ZR
Therefore,
R
is not reflexive
Since,
(1,2) e R
, but

ExameElite - examelite.com Page 22 of 89



ExamElite - Textbook Solutions

(2,1) £R

Therefore

iS not symmetric.

Since
(1,2), (2,3) R
, but
(1,3) Z R

Hence,

R
IS not transitive.
Therefore, the given relation

R

is neither reflexive, nor symmetric, nor transitive

Question 4
Show that the relation R in R defined as

R = {(a,b):a<b}
is reflexive and transitive but not symmetric.

Solution

Ans: The given relation is

R

{(a,b):a <D}
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Since,

Therefore,

is reflexive.

Since,

(as

), but

(as

).

Therefore

iS not symmetric.

Assuming that

and
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(a,a) € R

(2,4) € R

2.4

(4,2)¢ R

4,2

examelite.com

Page 24 of 89



ExamElite - Textbook Solutions examelite.com

, therefore,
a<c
Hence,
R
is transitive.
Therefore, the given relation
R

is reflexive and transitive but not symmetric.

Question 5
Check whether the relation R in R defined as

R = {(a,b):agbg}
is reflexive, symmetric or transitive.
Solution

Ans: The given relation is:

Since

. (Since % is not less than %)

Therefore,

is not reflexive.
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Since

as

, but

as

is not less than

Therefore

is not symmetric.

Assuming that

y SO,

and

but
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(1,4) e R

143

(4,1) ¢ R
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Hence,

R
is not transitive.
Therefore, the given relation

R
is neither reflexive, nor symmetric, nor transitive.
Question 6
Show that the relation R in the set

{1, 2, 3}

given by

R= {(17 2)7 (2’ 1)}

is symmetric but neither reflexive nor transitive.
Solution

Ans: The given relation is

R= {(17 2)’ (2’ 1)}

on the set

A=1{1,2,3}

Since

(1,1), (2,2), (3,3) R
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Therefore,

is not reflexive.

Since,

and

Therefore

is symmetric.

Since,

and

, but

Hence,

is not transitive.

Therefore, the given relation

(1,2) e R

(2,1) e R

(1,2) e R

(2,1) e R

(L1 ZR

is symmetric but neither reflexive nor transitive.
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Question 7

Show that the relation R in the set

of all the books in a library of a college, given by

and

have same number of pages

is an equivalence relation.
Solution

Ans: The given relation is:

and

have the same number of pages

Since

as

and

have the same number of pages.

Therefore,

ExameElite - examelite.com

R={(xy):x

R={(x7):x

(x,x) €R
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is reflexive.
Let
(x,y) €R
, SO
X
and
y
have the same number of pages,
(y,x) €R
therefore
y
and
X
will also have the same number of pages.
Therefore
R
is symmetric.
Assuming
(x,y) €R
and
(v,2) €R
X
and
y

ExameElite - examelite.com
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have the same number of pages and

y
and

V/
also have the same number of pages. Therefore,

X
and

zZ
will also have the same number of pages. So,

(x,z) € R

Hence,

R
IS transitive.
Therefore, the given relation

R

is an equivalence relation.

Question 8
Show that the relation R in the set

A=1{1,2,3,4,5}
given by
R ={(a,b): |a-b|

is even
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, Is an equivalence relation. Show that all the elements of

{1,3, 5}

are related to each other and all the elements of

{2, 4}

are related to each other. But no element of

{1,3,5}

is related to any element of

{2,4}

Solution
Ans: Let
acA
So,
la-a] =0
(which is an even number).
Therefore,
R
is reflexive.
Let
(a,b) € R
Now,
|a-b|
is even,

ExameElite - examelite.com
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Hence

and

are both even

Therefore,

Therefore

iS symmetric

Let

and

is even and

is even

is even.

ExameElite - examelite.com

|a-b

[b-a)

(b,a) e R

= |a-c|

= (a,c) € R

examelite.com
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Therefore,

R
is transitive.
Therefore, the given relation

R
is an equivalence relation.
All the elements of the set

{1,3, 5}

are all odd. Hence, the modulus of the difference of any two elements will be an even number. So, all

the elements of this set are related to each other.
All elements of
{2, 4}

are even while all the elements of

{1,3, 5}
are odd so no element of

{1,3, 5}
can be related to any element of

{2, 4}

Therefore, the absolute value of the difference between the two elements (from each of these two

subsets) will not be an even value.

Question 9

Show that each of the relation R in the set

A={xeZ:0<x<12}
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, Is an equivalence relation. Find the set of all elements related to 1 in each case.
1. R ={(a,b) : |a--D|
is a multiple of
4}
Solution
Ans: The given set

A={xeZ:0<x<12}={0,1,2,3,4,5,6,7,8,9,10, 11, 12}

The given relation is:
R ={(a,b) : |a--Db|
is a multiple of

4}

Let
ac A
(a,a) € R
as
la-a| =0
is a multiple of
4
Therefore,
R
is reflexive.
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Let,
(a, b) € R = |a-b]

is a multiple of

= |- (a-b)| = b2l

is a multiple of

4
= (b,a) € R
Therefore
R
is symmetric.

(a’7 b)’ (b7 C) G R

= |a-b|
is a multiple of
4
and
[b-c|
is a multiple of
4
= (a-b)

is a multiple of
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4
and
(b-c)
is a multiple of
4

= (a-c) =(a-b) + (b-c)

is a multiple of

4
= |a-c|
is a multiple of
4
= (a,c) €R
Therefore,
R
IS transitive.
Therefore, the given relation
R
is an equivalence relation.
The set of elements related to 1 is
{1,5, 9}

ExameElite - examelite.com
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Ans: The given relation is:

, since

Therefore,

is reflexive.

Let

Therefore

is symmetric.

and

ExameElite - examelite.com

R = {(a,b) :a=Db}

R = {(a,b) :a=Db}

a€ A (a,a) €R

(a,b) e R=a=b

= b=a = (b,a) € R

(a’7 b)’ (b7 C) G R

= a=b

b=c
= a=cC

= (a,c) €ER
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Therefore,

R
is transitive.
Therefore, the given relation

R
is an equivalence relation.
The set of elements related to

1
is

{1}

Question 10

Give an example of a relation. Which is

1. Symmetric but neither reflexive nor transitive.

Solution

Ans: Let us assume the relation

R={(5,6), (6,5)}

in set

A= {5,6,7}

So, the relation

is not reflexive as

ExameElite - examelite.com
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(5,5), (6,6), (7,7) £ R

The relation
R
is symmetric as
(5,6) € R
and
(6,5) € R
The relation
R

is not transitive as
(5,6), (6,5) € R
, but

(5,5) ¢ R

Therefore, the given relation

is symmetric but not reflexive or transitive.

1. Transitive but neither reflexive nor symmetric.

Ans: Let us assume the relation

R = {(a,b) :a b}
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So, the relation

R
is not reflexive because for
a€R
(a,a) Z R
since a cannot be strictly less than itself.
Let
(1,2) € R(asl < 2)
Since
2
is not less than
1
(2,1) R
Therefore
R

iS not symmetric.

Let
(a,b), (b,c) €R
= (a,c) €R
Therefore,
R

ExameElite - examelite.com
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is transitive.

So, the relation

is transitive but not reflexive and symmetric.

1. Reflexive and symmetric but not transitive.

Ans: Let us assume the relation

R={(44), (6,6), (88), (4,6), (6,4), (6,8), (86)}

in set
A= {4, 6, 8}

The relation

R
is reflexive since for

ac€ R
(a,a) € R

The relation

R

IS symmetric since
(a,b) e R= (b,a) € R
for

a,be R
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The relation

is not transitive since
(4,6), (6,8) € R
, but

(4,8) £ R
Therefore the relation

is reflexive and symmetric but not transitive.

1. Reflexive and transitive but not symmetric.

Ans: Let us take the relation

R = {(a,b) L’ > b3}

Since
(a,b) € R
Therefore
R
is reflexive.
Since
(2,1) e R

ExameElite - examelite.com
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, but

(1,2) € R

Therefore

IS not symmetric.

Let
(a,b),(b,c) € R
= a% > b3
and
b3 > 3
= al > c?
= (a,c) € R
Therefore
R
is transitive.
Therefore the relation
R

is reflexive and transitive but not symmetric.

1. Symmetric and transitive but not reflexive.

Ans: Let us take a relation
R= {('57 '6) ) ('6’ '5) ) ('5a '5)}

in set
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The relation

is not reflexive as

Since

and

Therefore

is symmetric.

Since

and

Therefore

is transitive.

Therefore the relation

ExameElite - examelite.com

A={-5,-6}

(-6,-6) Z R

(-5,-6) € R

(-6,-5) € R

(-5,-6), (-6,-5) € R

(-5,-5) € R
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is symmetric and transitive but not reflexive.

Question 11
Show that the relation R in the set

A
of points in a plane given by
R={(P,Q) :
Distance of the point
P

from the origin is same as the distance of the point

Q

from the origin}, is an equivalence relation. Further, show that the set of all points related to a point
P #(0,0)

is the circle passing through

P
with origin as centre.
Solution
Ans: The given relation is

R={(P,Q) :

Distance of

P
from the origin is the same as the distance of

Q

from the origin}
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Since,
(P,P) eR
The relation
R
is reflexive.
Let
(P,Q) R
, distance of
P
from the origin is the same as the distance of
Q
from the origin similarly distance of
Q
from the origin will be the same as the distance of
P
from the origin. So,
(Q,P) eR
Therefore
R
is symmetric.
Let

(P,Q),(Q,5) R
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Distance of

P
from the origin is the same as the distance of

Q
from the origin and distance of

Q
from the origin is the same as the distance of

S
from the origin. So, the distance of

S
from the origin will be the same as the distance of

P
from the origin. So,

(P,S) R

Therefore

R
is transitive.
Therefore the relation

R
is an equivalence relation.
The set of points related to

P £ (0, 0)

will be those points whose distance from origin is same as distance of

P
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from the origin and will form a circle with the centre as origin and this circle passes through

P

Question 12

Show that the relation R is defined in the set

of all triangles as
R={(Ty, Ty) : Ty
is similar to
Ts}

, is equivalence relation. Consider three right angle triangles

Ty
with sides
3,4,5
and
T
with sides
5,12, 13
and
T3
with sides
6, 8,10
. Which triangles among
Ty, T2

and
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are related?

Solution

Ans: The given relation is

is similar to

since, every triangle is similar to itself.

The relation

is reflexive.

If

, then

is similar to

is similar to

Therefore

ExameElite - examelite.com

R ={(Ty, Ty)

Ts}

(Tl, T2) R

To

= Ty

= (Tg, Tl) eR

ITl
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is symmetric.

Let

is similar to

and

is similar to

is similar to

Therefore

is transitive.

Therefore the relation

is an equivalence relation.
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(T17 T2) ) (T27 T3) €R

= (Tl, Tg) R
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Since, the corresponding sides of triangles

and

are in the same ratio, therefore triangle

is similar to triangle

Hence,

is related to

Question 13

Show that the relation

defined in the set

of all polygons as

R ={(P1,P2): Py

and

have same number of sides
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, is an equivalence relation. What is the set of all elements in

A
related to the right angle triangle

T
with sides

3,4
and

)
?
Solution
Ans:

R ={(Py, Ps): Py

and

P

have same number of sides

Since
(Pl, Pl) €eR

, as same polygon has same number of sides.

The relation
R
is reflexive.
Let
(P1,P2) € R
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and

have same number of sides.

and

have same number of sides.

Therefore

is symmetric.

Let

and

have same number of sides.

and

have same number of sides.

and

ExameElite - examelite.com

= Ps

P

= (P2, P1) €R

(P1,Py),(P2,P3) € R

=P,

P

= Py
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Ps

have same number of sides.
= (P, P3) €R

Therefore

R
is transitive.
Therefore the relation

R

is an equivalence relation.

The elements in A related to right-angled triangle

with sides
3,4
and
)
are the polygons having
3
sides.
Question 14
Let
L
be the set of all lines in
XY
plane and
R
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be the relation in

L
defined as
R ={(Li,Ly): L,
is parallel to
L
}
. Show that

R

is an equivalence relation. Find the set of all lines related to the line

y=2x+4

Solution
Ans:
R ={(Ly,Ly): Ly

is parallel to

Lo}
The relation

R
is reflexive as any line

Ly
is parallel to itself, so,

(Li,L1) e R
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Let

is parallel to

, therefore

is parallel to

Therefore

is symmetric.

Let

is parallel to

is parallel to

is parallel to
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(L17 L2) € R

=1

= (Lz, L1) €eR

(Lla L2) ) (LQ, L3) €R

= Ly

Ly

= L,

L;

= L,
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= (Ll, L3) R

Therefore
R
is transitive.
Therefore the relation
R
is an equivalence relation.
Set of all lines related to the line
y=2x+4
is the set of all lines that are parallel to the line
y=2x+4
Slope of line
y=2x+4
IS
m=2

. Therefore, lines parallel to the given line are of the form
y=2x+c
, where

ceR
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Question 15
Let
R
be the relation in the set
{1, 2, 3,4}

given by

R=1{(1,2),(2,2), (1,1), (44), (1,3), (3,3), (3,2)}

. Choose the correct answer.

is reflexive and symmetric but not transitive.

is reflexive and transitive but not symmetric.

is symmetric and transitive but not reflexive.

is an equivalence relation

Solution
Ans:
R={(1,2),(2,2), (1,1), (44), (1,3), (3,3), (3,2)}
Since
(a,a) € R
, for every
ac{l,2 3,4}
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The relation

is reflexive.

Since

, but

Therefore

iS not symmetric.

for all

Therefore

is transitive.

Therefore the relation

(a,b),(b,c) e R=(a,c) €R

a,b,ce{l,2, 3,4}

is reflexive and transitive but not symmetric.

The correct answer is (
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R
is reflexive and transitive but not symmetric.
Question 16
Let

R

be the relation in the set N given by
R= {(a,b):a=b-2,b> 6}

Choose the correct answer.

1. (2,4) € R

2, (3,8) ¢ R

3. (6,8) € R

4. (8,7 €R
Solution

Ans: The given relation is

R={(a,b):a=b-2,b>6}

Now,
Considering
(2,4) € R
Since,
b 6
» SO,
(2,4) Z R
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Considering

Since

, SO

Considering

Since

and

, SO

Therefore, the correct answer is (C)
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Exercise 1.2

Question 1

1
Show that the function f : R, — R. defined by f(z) = — is one-one and onto, where R, is the set of
x

all non-zero real numbers. Is the result true, if the domain R., is replaced by N with co-domain being
same as R.?

Solution
: . o 1
Ans: Given that, f: R* — R, is defined by f(z) = —.
T
Consider z, y € Rx such that f(z) = f(y)
1
= —=—
z )
=z=y

Thus, fis one-one.

1
Itis clear that for y € Rx, there exists * = " € Rx[as y # 0] such that

Thus, fis onto.

Therefore, the given function f is one-one and onto.

1
Now, consider function g : N — R, defined by g(z) = —
z

1 1
We have, g (z1) = g (z2) o T
= T1 = T2
Thus,
g
iS one-one.

It is clear that g is not onto as for 1.2 €= R, there does not exist any z in N such that
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g(z) = %

Therefore, the function g is one-one but not onto.

Question 2

Check the injectivity and surjectivity of the following functions:
(i) f: N — N given by f(z) = z?

(i) f: Z — Z given by f(z) = z*

(iii) : R — R is given by f(z) = z?

(iv) f : N — N given by f(z) = z*

(v) f: Z — Zis given by f(z) = z3

Solution

Ans: Here, f: N — N is given by f(z) = z?

Forx,y € N,

flz)=fly) =2 =y’=>z=y

Thus, fis injective.

Now, 2 € N. But, there does not exist any z in N such that f(z) = 2* = 2
Thus, f is not surjective.

Therefore, the function f is injective but not surjective.

Ans: Here, f : Z — Z is given by f(z) = z?

Itis seen that f(—1) = f(1) = 1, but —1 # 1.

Thus, f is not injective.

Now, —2 € Z. But, there does not exist any element x € Z such that

f(z) = —2o0rz® = -2
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Thus, f is not surjective.

Therefore, the function f is neither injective nor surjective.

Ans: Here, f: R — R is given by f(z) = x?

Itis seen that f(—1) = f(1) = 1, but —1 # 1.

Thus, f is not injective.

Now, —2 € R. But, there does not exist any element z € R such that f(z) = —2
orz? = 2.

Thus, f is not surjective.

Therefore, the function f is neither injective nor surjective.

Ans: Here, f : N — N given by f(z) = 2*

Forz,y € N,

f@)=fy) =2>=y’=z=y

Thus, f is injective.

Now, 2 € N. But, there does not exist any element € N such that
f(z) =2o0rz® =2

Thus, f is not surjective

Therefore, function f is injective but not surjective.

Ans: Here, f: Z — Z is given by f(z) = =3
Forx,y € Z,

f(z) = f(y) = 2° = °

=>r=y
Thus, fis injective.

Now, 2 € Z. But, there does not exist any element x € Z such that
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f(x) =2orz3 =2
Thus, f is not surjective.

Therefore, the function f is injective hut not surjective.

Question 3
Prove that the Greatest Integer Function f : R — R given by f(x) = [z], is neither one

one nor onto, where

]
denotes the greatest integer less than or equal to .
Solution
Ans: Here, f : R — Ris given by, f(z) = [z]
Itis seen that f(1.2) = [1.2] = 1,(1.9) = [1.9] = 1.
Then, £(1.2) = £(1.9), but 1.2 # 1.9
Thus, f is not one-one.
Consider 0.7 € R
It is known that f(x) = [z] is always an integer.
Thus, there does not exist any element € R such that f(z) = 0.7
Therefore, £ is not onto.

Hence, the greatest integer function is neither one-one nor onto.

Question 4

Show that the Modulus Function f : R — R given by f(z) = |z|, is neither one-one nor
onto, where

kd
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is z, if x is positive or 0 and |z| is —z, if x is negative.
Solution

Ans: Here, f : R — R is given by

T ifz >0

fle) = |a| = {—x ifx <0
ltis clear that f(—1) = | — 1| =1andf(1) = |1| =1
Now, f(—1) = f(1), but —1 # 1
Thus, fis not one-one.
Now, consider —1 € R.
It is known that f(xz) = |z| is always non-negative.
Thus, there does not exist any element z in domain R such that f(z) = |z| = —1

Thus, fis not onto.

Therefore, the modulus function is neither one-one nor onto.

Question 5

Show that the Signum Function f: R — R, given by f(:c)

is neither one-one nor onto.

Solution
1 ifx >0
Ans: Here, f: R — R, given by f(z) = ¢ 0, ifx=20
-1, ifz<0

Itis seen that f(1) = f(2) = 1, but 1 # 2.

Thus, fis not one-one.
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Now, as f(z) takes only
3

values (1, 0, or —1) for the element —2 in co-domain
R, there does not exist any « in domain R such that f(z) = —2.
Thus, fis not onto

Therefore, the Signum function is neither one-one nor onto.

Question 6
Let A = {1,2,3}, B={4,5,6,7}andletf={(1,4), (2,5), (3,6)} be a function from A to B.

Show that f is one-one.

Solution

Ans: Given that, A = {1, 2,3}

B={4,5,6,7}

f: A — Bisdefined as f = {(1,4), (2,5), (3,6)}

Thus, f(1) =4, f(2) =5, {(3) =6

It is seen that the images of distinct elements of A under f are distinct.

Therefore, the function f is one-one.

Question 7

In each of the following cases, state whether the function is one-one,
onto or bijective. Justify your answer.
() f: R — R defined by f(ac) =34z

(ii) f: R — R is defined as f(z) = 1 + z?
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Solution

Ans: Here, f: R — R is defined as f(z) = 3 — 4z.
Letxz1, x2 € Rsuchthatf(z1) = f(z2)

=3 —4x1 =3 — 4z

= —4x; = —4x9

= T = Ty

Thus, fis one-one.

For any real number

3 — 3 —
inRsuchthatf(Ty> :3—4(Ty> =y

Thus, fis onto.

Therefore, the function f is bijective.

Ans: Here, f : R, — R defined by f(z) = 1 + z*
Letzy, xo € Rsuchthat f(z;) = f(z3)

= 14 (21)? =14 (z2)?

= (21)° = (22)°

= T = X9

Thus, f (1) = f(z3) does not imply that ; = x».
For example, f(1) = f(—1) = 2

Therefore, f is not one-one.

Consider an element —2 in co-domain R.

Itis seen that f(z) = 1 + 2 is positive for all x € R.

Thus, there does not exist any x in domain R such that f(z) = —2.

ExameElite - examelite.com

examelite.com

Page 69 of 89



ExamElite - Textbook Solutions examelite.com

Therefore, f is not onto.

Hence, the function f is neither one-one nor onto.

Question 8
Let A and B be sets. Show thatf : A x B — B x A such that (a,b) = (b,a) is

bijective function.
Solution
Ans: f: A x B — B x Ais defined as f(a, b) = (b, a)
Let (a1,b1), (a2,b2) € A \times B such that f (a1, b1) = f (a2, b2)
= (by,a1) = (bs, as)
= b; = by and
a; = as
= (ay, b1) = (ag, be)
Thus, fis one-one.
Now, let (b, a) € B A be any element.

Then, there exists (a, b) € A B such that f(a,b) = (b, a). [By definition of

f

Thus, fis onto.
Therefore, the function f is bijective.
Question 9

n+1

, ifnisodd

Let f: N — N be defined by f(n) = n 2 foralln € N

—, if n is even
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State whether the function f is bijective. Justify your answer.

Solution
1

nt , ifn isodd

Ans: f: N — N is defined as f(n) = 2 foralln € N
2 if n is even

It can be observed that

1+1 2
= —— = 1and = — = (By definition of (7))
1 ; 1 2 5 1 f

f(1) = f(2), where 1 # 2
Thus, f is not one-one.

Consider a natural number

in co-domain

Case 1: n is odd

Thus, n = 2r + 1 for some » € N. Then, there exists 47 + 1 € N such that

4r+1+1
f(4r+1):rT=2r—|—l

Case 2: nis even

Thus, n = 2r for some r € N. Then, there exists 4r € N such that

4
f(4r) = 77” = 2r
Therefore, f is onto.

Hence, the function

is not a bijective function.
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Question 10
Let A =R — {3} and B = R — {1}. Consider the function f: A — B defined by f(z)

T —2
= ( ) . Is f one-one and onto? Justify your answer.
a‘: J—

Solution

-2
Ans:A =R —{3},B=R—{1}andf: A — B defined by f(x) = <z_3>

Let z,y € Asuch that f(z) = f(y)

x—2 y—2
~ z-3 y—3

By cross multiplication,

~ (@ -2)(y—3)=(y—2)(@—3)
Expand brackets,

=zy—3r —2y+6=2xy—2x—3y+6
= 3rx—2y=-2rx—-3y=z=y
Thus, fis one-one.

Lety € B=R — {1}. Then,y # 1.

The function f is onto if there exists € A such that f(z) = y.

Now, f(z) =y
N r— 2 B
y—3 7

By cross multiplication,

=zrz—2=zy—3y=z(l—y)=—-3y+2

23y

= r = cA
1—y

ly # 1]

Y € A such that
1-y

Thus, for any y € B, there exists
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(22 - (7)) 2

Take LCM,
2-3y—2+2%
- 2-3y—3+3y
_ Y _

Thus, f is onto.

Therefore, the function f is one-one and onto.

Question 11

Letf: R — R be defined as f(x) = z*. Choose the correct answer.

A.

f is one-one onto

B.

f is many-one onto

C.

f is one-one but not onto

D.

f is neither one-one nor onto

Solution

Ans: Here, f : R — R is defined as f(z) = z*.

Let z,y € R such that f(z) = {(y).

=zt = y*
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= =1y

f(x) = f(y) does not imply that z = y
For example, f(1) = f(—1) =1
Thus, fis not one-one.

Consider an element
2

in co-domain R.. It is clear that there does not exist any x in
domain R such that f(z) = 2

Thus, fis not onto.

Hence, the function f is neither one-one nor onto.

The correct answer is

Question 12

Letf: R — R be defined as f(z) = 3. Choose the correct answer.

A.

f is one - one and onto

B.

f is many - one and onto
C.

f is one - one but not onto
D.

f is neither one — one nor onto
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Solution

Ans: Here, f : R — R is defined as f(z) = 3z.
Letz, y € R such that f(x) = f(y).

= 3z =3y

=>Tr=y

Thus, fis one-one.

Now, for any real number

(y)

in co-domain R, there exists

Y
3
: Y Yy
in R such that f (g) =3 (§> =y
Thus, fis onto.
Hence, the function f is one-one and onto.
Therefore, the correct answer is
A.

Miscellaneous Exercise

Question 1
Show that function

R —{xeR:-1x 1}

defined by

is one — one and onto function.
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Solution

Ans: The function

is defined as

For the function

to be one — one:

, where

Assuming that

is positive and

is negative:

Since,

ExameElite - examelite.com

R - {xeR:-1x 1}

X
f(x)=—— xeR
() 1+[x]

f(x) =1£(y)
x,y €R

X y
= =
1+ 14y

X Y
1+x 14y

= 2Xy=X-y

xy=xy0

examelite.com

Page 76 of 89



ExamElite - Textbook Solutions examelite.com

But
2xy
IS negative.
Therefore,
2xy # x-y

Hence,

X
being positive and

y
being negative is not possible. Similarly

X
being negative and

y
being positive can also be ruled out.
So,

X
and

y
have to be either positive or negative.
Assuming that both

X
and

y
are positive:
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Assuming that both

and

are negative:

Therefore, the function

iS one — one.

For onto:

such that

is negative, then, there exists

ExameElite - examelite.com

f(x)=t(y)
x Y
~ Tox 1+y

= X+Xy=y+Xy

= X=Yy

f(x)=f(y)

- _ 7
1+x 14y

= X+Xy=y+Xy
= X=y

yeR

-1y1
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such that

is positive, then, there exists

such that
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Therefore, the function

is onto.

Hence the given function

is both one—one and onto.

Question 2

Show that the function

given by

is injective.

Solution

Ans: The given function

is given as

For the function

to be one — one:

where
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tR — R

R - R

f(x) =x°

f(x) =f(y)
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x,y €R
= x' =y’
...... 1)
We need to show that
xX=y
Assuming that
X#y
, then,
=X #y
Since this is a contradiction to (1), therefore,
x=y
Hence, the function
f
is injective.
Question 3

Given a non-empty set X, consider P (X) which is the set of all subsets of X. Define the relation R in
P (X) as follows:

For subsets A, Bin P (X), ARB if and only if A C B.Is R an equivalence relation on P (X)? Justify

your answer.
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Solution

Ans: We know that every set is a subset of itself, ARA forall A € P (X)
Therefore R is reflexive.

Let ARB= A C B.

This does not mean that B C A.

If A ={1,2} and B ={1, 2, 3}, then it cannot be implied that B is related to A.
Therefore R is not symmetric.

If ARB and BRC', then;

ACBandBCC

=AcCC

= ARC

Therefore R is transitive.

Hence, R is not an equivalence relation as it is not symmetric.

Question 4

Find the number of all onto functions from the set{l, 2, 3. . ., r}to itself.

Solution

Ans: The total number of onto maps from{l, 2, 3,. . . , 73to itself will be same as the total number of
permutations on n symbols 1,2, 3,...,n.

Since the total number of permutations on n symbols 1, 2, 3,. .., n is n, thus total number of onto

maps from{l, 2, 3,. . . , 1}to itself are n.
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Question 5
Let A ={-1,0,1,2} ,B={—4,—-2,0,2} and f,g : A — B be functions defined by

f(z)=2’-z,2 € Aand g(z) =2

1
x—§¢ —1,z € A. Are f and g equal? Justify your answer. (Hint:

One may note that two function f : A — Band g: A — Bsuchthat f (a) = g (a)Va € A, are called
equal functions)

Solution

Ans:Let A ={-1,0,1,2} ,B={—4,—-2,0,2} and f,g: A — B are defined by

1
f(z)=2’—z,2 € Aand g(z)=2 x—g’—l,w c A

= f(-1)=g(-1)
£(0)=(0)*~(0)
=0

And,

ExameElite - examelite.com Page 83 of 89



ExamElite - Textbook Solutions

F(1)=(1)"-(1)

=1-1

=0

And,

g()=2|(1) 5|1
1

—2(3)

=1-1

=0

= F(1)=g(1)

=27 (2)

=4—-2

=2

And,

9(2)=2|(® 5|1
3

()

=3-1

=2

= F(2)=4(2

Therefore, f (a) = g (a) Va € A. Hence the functions f and g are equal.
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Question 6
Let
A={1,2,3}
Then number of relations containing
(1,2)
and
(1, 3)

which are reflexive and symmetric but not transitive is

A.
1
B.
2
C.
3
D.
4
Solution
Ans: We are given a set
A={1, 2, 3}
Let us take the relation
R
, containing
(1,2)
and
(1,3)
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, as

R= {(17 1)7 (27 2) ) (37 3) ) (1a 2)7 (17 3) )

As we can see that
(1,1), (2,2), (3,3) €R

, therefore relation

R
is reflexive.
Since

(1,2), (1,3), (2,1) e R

, the relation

R
IS symmetric.
The relation Relation

R

is not transitive because
(17 2)’ (37 1) E R
, but

(3,2) £R

The relation Relation

will become transitive on adding and two pairs

(3,2), (2,3)
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Therefore the total number of desired relations is one.

The correct answer is option

(4)
1
Question 7
Let
A={1,2,3}

Then number of equivalence relations containing

(1,2)

is
A.

1
B.

2
C.

3
D.

4
Solution
Ans: We are given a set

A={1,2,3}
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Let us take the relation

, containing
(1,2)
as

R={(1,1), (2,2), (3,3), (1,2), (2, 1)}

Now the pairs left are

(2,3), (3,2), (1,3), (3,1)

In order to add one pair, say

(2,3)
, we must add

(3,2)
for symmetry. And we are required to add

(1,3), (3,1)
for transitivity.
So, only the equivalence relation (bigger than
R

) is the universal relation.

Therefore, the total number of equivalence relations containing
(1,2)

are two.

Hence, the correct answer is (B)
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