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Chapter 13: Limits and Derivatives Exercise 13.2

NCERT - Class 11 - Maths

Questions

Question 1

Find the derivative of x?- 2 at x = 10.
Solution
Letf(x)=x2—2

From first principle

f(x+ h) — f(x)
h

I 1=
Fe =i
Putx =10, we get

f{10 + h) — f(10)
h

f'{10) = Ll_r}%

- [(10+h)?2—2] —(10%2—12)
lim
— h—0 h

_ 10°4+2x10xh+h?—2—10%2+2
lim
:h—H:II h
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20h + h?

lim
h—0 h

_ Eﬂa(zﬂ + h)

=20+0

=20

Question 2

Find the derivative of x at x = 1.
Solution

Letf (x) =x

Then,

From first principle

(x) = jm f(x + h)h— f(x)

Letf(x)=x
From first principle

f(x+h) — f(10)

f'(x) = lim h

Putx =1, we get

f(1+h) —f(1)
h

ri) =]
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 (1+h)—-1
lim—
_ h—0 h

o Lrh—l
_h20  h

i h
_

lim1
—0

Question 3
Find the derivative of 99x at x = 100.

Solution
Let f (x) = 99x,

From the first principle,
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f(x + h) — f(%)
h

60 = fim,
Put x = 100, we get

f(100 + h) — f(100)
h

f'(100) = LEI:I]

- 99(100+h)—99 x 100
lim
_ h=0 h

99 %100+ 99h —99 x 100
lim
_ h=0 h

' 99 x h
S

lim 99
h—0

=99

Question 4

Find the derivative of the following functions from the first principle.

(i) x3 - 27

(ii) (x - 1) (x - 2)

(iii) 1 1 x2
(iV)x+1/x-1
Solution

(i) Let f (x) = x3 — 27

From the first principle,
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f(x+h) — f(x)
h

Fe) =

o [(x+h)*—27] - (x*-27)
lim
_ h=0 h

x®+ h® + 3x%*h + 3xh? — %3
lim
h—0 h

~ h®+ 3x%h + 3xh?
lim
_ h—0 h

Lina[h2 + 3x? + 3xh)

=0+ 3x2

= 3x2

(i) Letf (x) = (x— 1) (x—2)
From the first principle,

f(x+ h) — f(x)
h

re =l

(x+h—-1x+h—-2)—(x—1)(x—2)

_ h—=0 h

h—0 h

 hx+hx+h®*—2h—h
lim
_ h—o0 h

B Llﬁ[h +2x—3)
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(iii) Let f (x) = 1/ x?
From the first principle, we get

f(x+ h) — f(x)

G0 = Jm

h
1 1
X 2 g2
_lim &
x? — (x+ h)?

_ Llﬂ hx2(x+ h)?2

y 1[x*—x%*—h?-2hx
heoh | x2(x+h)?

y 1[-h? — 2hx
B ho h x2(x+ h)?2

i L_h —2x
_ b0 [x2(x+ D)2
=(0-2x)/[x2 (x+0)]

= I:- 2/ Xg}

(iv) Letf(x) =x+1/x-1

From the first principle, we get
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f(x+ h) — f(x)
h

G0 =

x+h+1 x+1

= lim x+h—1 B x—1
h—0 h

(x—1)(x+h+1)—(x+1)x+h-1)

h(x—1)(x+h-1)

1[(x*+hx+x—x—h—-1)—(x*+hx+x—x+h—-1)

= lim—

h—oh (x—1)(x+h—-1)

L, —2h
T hoh(x— DE+h-1)

-2
= I T DG&x+sh—D

B 2
T (x—-1D(x-1)
B 2
(x—1)2
Question 5
f(x) :L—X__I”
For the function 100 99
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Solution
Given function is:

1040 o8 2
x X

f(x)=—+—+...—+x+1
(%)= 100 99 2

By differentiating both sides, we get

XE.
—f{x)— m+—+ o xd 1]

d /x99 4 /x*° d (x*\ d d

We know that,
i my __ n—1
— (x™) =nx

dﬂ:) 1Dﬂx99+99x99+ +2X+1+ﬂ
" T 100 99 2
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i) =xP+xP+--+x+1

Atx=0, we get

f{0)=0+0+...+0+1

f'(0) =1

Atx=1, we get

f{1)=1"2+1%+ _+1+1=[1+1..+1] 100 times=1x 100= 100

Hence, (1) =100 f/(0)

Question 6

L -1 2112 -1, fn
Find the derivative of X +ax +aX +..+a X+a for some fixed real number a.
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Solution
Given function is:

fix)= x* 3ax™ +a’x™ 2 +.. . +a"x +a"

By differentiating both sides, we get

I d n n-1 2..n-2 n-1 n
f(szg(x +ax" +ax “+..+a x+a)
d d d d d
— n n—1 2 n—2 n—1 n
—dx{x )+adx{x )+adx{x )+-+a dx{x)+a dx{l)
We know that,
i ny __ n—1
iw(x)—nx

f(x) = nx™" + a(n-1)x"2 + aZ(n - 2)x™3 + ...+ a™1 + a"(0)

f(x) = nx™" + a(n-1)x"2 + a2(n - 2)x"3 + ... + a™!

Question 7

For some constants a and b, find the derivative of

(i) (x—a) (x - b)
(ii) (ax? + b)?
(i) x-alx-b

Solution

(i) (x—a) (x—b)
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Letf(x)=(x—a)(x—Db)
f(x)=x2-(a+b)x+ab

Now, by differentiating both sides, we get

f'{x) = % (x2—(a+ b)x+ab)

d d d
_ 2y _ _ —
= &) —(@+tb)—(x)+(ab)
We know that,

i (Xn) — I]Xn_l

fix)=2x-(a+h)+0

=2x—a—b

(ii) (ax? + b)?
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Let f (x) = (ax? + b)?
f(x)=a2x*+ 2abx? + b2

By differentiating both sides, we get
f'{x) = i (a?x* + 2abx® + b?)

' _d s d ooy d oo
(%) = = (x4 + (2ab) - (x7) + = (b?)

We know that,
i ny n—1
— (x™) = nx

f(x) =aix 4%+ 2abx 2x + 0

= 4a32%3 + 4abx

= 4ax (ax2 +b)

(ilx—a/x—-b

Letf (x) = {2=9)

(x-b)

By differentiating both sides and using quotient rule, we get

/(%) =i['*‘”]

del x—b

(x-8) (x-a)~(x-a) < (x-b)
(x—b)

_=0)()=(x=a)(1)
(x=2)

r(x)=
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By further calculation, we get

_x—h~x+a

_ a—b
(x-b)

Question 8

il il

X —a
Find the derivative of X —@ for some constant a.
Solution

M rd

X =

Letf(x)=

X—u

By differentiating both sides and using quotient rule, we get

ri-2{2=0)

adrl x—a

d

X —-aja (_r” ~—-a”]~ (_r" —-f:”)%(x '-'{.F)
(v—a)
By further calculation, we get
_ (x —u](.iu:"'] - [}) —(.‘c" - a")
(x—a)

_ ”.-T” _ﬂ'”.x”_l _.-"l:” 1 an

{x—cr)z

7(x)=

Question 9
Find the derivative of

()2x-314
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(i) (5x3 + 3x - 1) (x - 1)

(iii) x3 (5 + 3x)

(iv) x° (3 - 6x°9)

(v) x4 (3 - 4x®)

(vi) (2/x+1)-x?13x-1

Solution

(i)
Letf(x)=2x-3/4

By differentiating both sides, we get

f’(x)=%(2x—%)
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Letf(x)=(5x*+3x-1)(x-1)

By differentiating both sides and using the product rule, we get

f'{x) = (bx®+3x— 1]%{}{— 1)+ (x— 1)%{5}{3+ 3x+ 1)
={(5x®+3x— 1) x 1+ {x—1) x (152 + 3)

= (5% +3x=1)+ (x=1)(15x% + 3)

=57 +3x -1+ 15 +3x-15x¢ -3

=20%3 - 15%2 + 6x - 4
(iii)
Let f(x)=x7 (5 +3x)

By differentiating both sides and using Ieibnitz product rule, we get

F(x) =7 S (54 35) (54 33) ()
=x7(0+43)+(5+3x)(-3x7")

By further calculation, we get

= x (3)+(5+3x)(-3x7")

=3y~ =153 =9y~

= —6x" =15x""

=—3x'3[2 +E]
X
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_ 3 s
" (2x43)

s
= (5+2x)

(iv)

Let f(x) = x* (3 — 6x77)

By differentiating both sides and using Leibnitz product rule, we get

i

)= s +(s-6x")

dx

— ¢ [0 69 (367 (55

By further calculation, we get

= x7 (5427 _}+ 15¢* —30x°

= 54x 7 +15x" =305~
= 24x~ +15x"

24
=15x" + =
X

(v)

Let f(x) = x* (3 — 4x7°)

By differentiating both sides and using Leibnitz product rule, we get
Il N " d =5 =5 d

S (x)=x7 E(3—4x ]+(3—4,1 )E(x“]

=x7{0-4(=5)x}+ (3-4x7 ) (-4) !

By further calculation, we get

=5~ [zﬂx'ﬂ)+ (3 — 4y )(—4;.-"‘)
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=20 —12x7 + 167"

=367 1257
12 36
= ‘-'|.+ mn
X &
(vi)
2
(x) = 2 X
Let x+1 3x-1

By differentiating both sides we get,

f;{:)_d 2 x*
Yo \x+1 3x—1

Using quotient rule we get,

(x+ 1)&(2) - Ei{x—!— | l3x- 1)&(;{2) —xzi{:ax— 1)
(x+1)2 a (3x—1)2

f'(x) =

x+1)(0)— 2{1]] B [{3};— 1)(2x) — (x*) x 3

(x+1)2 (3x—1)2
B 2 6x% —2x — 3x?
C(x+ 1)2_[ (3x— 1)2 ]
2 x(3x—2)

T xZ+1D2 (3x—1)2

Question 10

Find the derivative of cos x from the first principle.
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Solution

Let f(x)=cosx

Accordingly, f(x +h)=cos (x + h)
By first principle, we get

f(x+ h) — f(x)
h

f'(x) = 1111
So, we get

1
= Llﬂﬁ [cos(x+ h) — cos(x)]

[ 5 (x+h+X) . (X+h—}{)]
1111 sin ) 51 2

By further calculation, we get
_n 1[ 5 si (2x+h) . (h)]
= lim sin{——)sin{7

. +h
2% + h) __sin(3)

X lim
h—p R

= lim —sin(
h—0

2

2x+ 0
=—sin( > )xl

=-sin(2x/2

= - sin (X)

Question 11

Find the derivative of the following functions.
(i) sin x cos x
(ii) sec x

(iii) 5 sec x + 4 cos x
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(iv) cosec x
(v) 3 cot x + 5 cosec x
(vi)5sinx-6cos x+7

(vii) 2 tan x — 7 sec X

Solution
(i) sin x cos x
Letf(X)=sinxcosx
Accordingly, from the first principle,

f(x+m)—f(x)

F AT T

f{x)= i

i S0 (x+#)cos{x+h)-sinxcosx
_.'JI—]:E:I- h

= Iimi[Esjn (x+h)eos(x+h)—2sinxcosx |

i

.1l )
= !JI_]HE[SIH 2(x+h)—sin 2:4]

L1 2x+2hH+2x . 2x+4+2h-2x
=lim 2cos -gin

HJ—:-I:IZh 2

By further calculation, we get

) 1[ Ax+2h . 2,&:}
= lim—| cos sin—
2 2

=l h

= Iiml cns{zx + h) 5in h:l

Nl h

sin f

=limecos(2x+#).lim

N3 f—pdb h
=cos(2x+0).1

=05 2%

(i) sec x
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Letf(x)=secx
=1/¢cosx

By differentiating both sides, we get

3 [:X) - % (CDJ:SX)

Using quotient rule, we get

d d
COSX (1) — 1 (cosx)

cosZx

f'(x) =

cosx X 0 — (—sinx)

cosZx
We get
sinx
~ cosZx
_ sinx 1

"~ c0SX  COSX

=fanxXxsecx

(i) 5 sec x + 4 cos x
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Letf(x)=5secx+4cosx

By differentiating both sides, we get
F/(%) = — (5secx + 4cosx)
x) = (5secx+ 4cosx
By further calculation, we get
d d
= SE (secx) + "-I*E(COSXJ

= bsecxtanx + 4 X (—sinx)
=5secxtanx-4sinx

(iv) cosec x
Let f(x)=cosecx
Accordingly f (x + h) = cosec {(x + h)

By first principle, we get

£(x) %}E}}. flx + h})l — f(x)

. cosedxthl-cosecx
=lim
h—0 h

=l'11115( : 1)

h—=oh \sin{x+h) ginx
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=lim =
h-oh

_ 1 11]‘_]11 Ecos{x-l-!;-'—hjsin(x_!;_h)]

[sin:{—si n{x+h}

sinxsin{x+h}

sinxhopgh sin{x+h)

1 llmz ECGS{ZR;“JSin(_?h)]

" sinxhooh sin{x+h}

By further calculation, we get

R

=— m —_
sinxhopgh {g)sin{:-: +h}

) | coofZ

hoo sin(x+h)

CQE(ZH-H])
=-__1 T

sinx sin{x+0)

1 COSX
e

sinx sinx

= -Cosec X cot X

(v) 3 cot x + 5 cosec x
Letf(x)=3cotx+ 5cosecx

f'(x) =3 (cot x)" + 5 (cosec x)’

Let f; (X) = cot x,
Accordingly f (x + h)=cot (x + h)
By using first principle, we get

fo{x+h)—f(x
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. cotx+h)—cotx
=lim———
h—0 h

= lim 1 (‘3“5{-“'{'11} _ Ccsx)

h=0 h sin{x+h} sinx

By further calculation, we get

. 1
=lim-

(sinx cos(x+hl—cosxsin(x +h:]-)
h—oh

sin x sin (x+h}

i L (Sinkoxh)

_%11—1;% h (sinx sin[x-{—h})
li 1 [ sin{—h)
h—oh Lsin{x+h}

=1/s8inx

S (limsmh) (Hm;)
gsinx Vh—=g h h=o sin(x+h}

. 1 5 1
o sinx sin{x+0}
_ 1
sin® x
= - cosec? x

Let f; (X) = cosec X,

Accordingly £ (x + h) = cosec (x + 1)

By using first principle, we get

LE+h) -5£E
h

200 =]

cosedx+h)—cosecx

=lim
h—0

=limi( SR 1)

h—oh \sin{x+h) sinx
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[sin x—sin{x+h}]

=lim =
sinxsin(x+h}

h—oh

By further calculation, we get

_ 1 1]_-1111 ECGS{H+§+h:]Sin(x_};_hJ]

sinxhopoh sin{x+h)

o sinxh—pgh sin{x+h}

- [

i [

sinx h—o

5{3}: +I1)
o
—» 2 4

1 .. sin 2 . €
= ——Ilim—2=x lim
=

h—o sin{x+h)

PR

sinx sin{x+0)

1 COSX
x*

sinx  sinx

=-Cosec X cot X

Now, substitute the value of {cot xX)* and (cosec x)* in I’{X), we get
f'(x) =3 (cot x)' + 5 (cosec x)’

f(x) = 3 x (-cosec? x) + 5 x (-cosec x cot x)

f'(x) = -3cosec? x - 5cosec X cot X

(vi)sinx—6cosx+7
Letf(x)=5sinx—6¢cosx+7

Accordingly, from the first principle,
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f—h

e f[:r+h}—f[:r]
b {.\}—llm- p -

=lim 1

lim h[Ssin{x+h}—6ms[x+h}+?—Ssin x+fi¢{}5x—?]

= E.T.".%[E{Si“ [?r+ h} —5in x}— 6[0{)5(1‘ + h] = C08 v}:|

=5 Li_rm%[sin (x+#)-sinx |-6lim %[ms{x +h)-cosx|
By further calculation, we get

1 xt+th+x) . [x+h—-x . cosxcosfr—sinxsinfi—cosx
=5!1n|1-hf 2eos] - = - |sin| - 3 - [ |=6lim- .

h=p

B
: | —cosx{l—cosh)—sinxsinh
=5limi 2cos 223 sinE —6&lim { ]
=0y 2 2 ] I
Now, we get
sin h
x 5 | —cosx(l-cos/ in xsi
5 lim CDS[E\H::] 2 |_eriml =€ x( 1) sinxsink
hi—=1 2 ﬁ fi—=u fi h
2

fr
2

fi—dl

. h
: sin — ~ _
zi{limcns[hﬂfﬂ lim — 2 —6[[—:}(}3:«'}[[@1 ms#)—sin xljm[—ﬂmhﬂ
fr—01 2 E—m E Fae h

=5m5x.l—Er[[—cns::).[ﬂ)—sin x.]]
=5cosx+6sinx

(vii) 2 tan x — 7 sec x

Letf(x)=2tanx—7secx

Accordingly, from the first principle,
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it {A)—Ill'ﬂ f(x-l—h]—j'{x]

Ji—={p Ii'_il

= Eim Il Ztan [x h] =7 sec[x + hll —2tan x + 7 sec :r:l
1—k 1) ?

=lumn 1[2 {t:-.m().‘ + J".l] —tan 1} -7 {sec{.‘lf + fr}— 5e0 1}]

=l r!f

Iriﬂ—?[t’m(l J’r —tan x 'I"[ﬁl_l:.‘}ﬁ sec(wlh}—sem:l

By further calculation, we get

PTGl BT UL IPSNS | B SR
3t fp ccrs[x -:'-f:r} COSX bt f7 ccﬁ{x-l-fr} COSX

1|:sin [1‘-I'fI:ICDSl‘-—-Si]L‘I.‘CDS[_T —H’#]] 711 I[cusr—-cns[x-lvh}]

cnsx{:us[rvbh] cns).‘ccrsl[_f +J’?)

P sin{(x+/—x) i
fiat h cosxcos(x+A) | f-*“.": cosx cos{x+h)

Now, we get

o [EI-H’JJ . [ Rt
=231n sin| ——
| > 2)

. |{sin ."EJ 1
=2hm —7lim—
i I\ fi Jcosxcos(x+h) st fy cosxcos(x+h)

o . ["1+H]
" S —
:2[1in‘151?h][1im 1 J—'ﬁ" lim 2 lim
7

hoat i+ cos X cos(x + i) o M| 0 cosxcos(x+h)

3|

s

l 51X
=2 — ?.l(—w
COSX COSY COSXCO5Y

=2sec’ X~ Tsecxtan x
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