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Chapter 12: Limits and Derivatives

NCERT - Class 11 - Maths
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Exercise 12.1

Question 1

Evaluate the Given limitlim, .3 * + 3

Solution

Ans. Given,
=3+3

=6

Question 2
Evaluate the Given limit.lim,,_. (:c — %)

Solution
Ans. Given,

Question 3

Evaluate the Given limit. lim,_,; 772
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Solution

Ans. Given,

lim,_,1 77>

Question 4
Evaluate the Given limit.

Solution

Ans. Given,

Question 5
Evaluate the Given limit.
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lim
z—1

lim
z—1

rz—1

4z + 3

r—2

4x + 3

r—2

r—1
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Solution

Ans. Given,

Question 6

Evaluate the Given limit.

Solution

Ans. Given,

Putz +1 = y So,
y—lasxz —0

Than,
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210+ 25 +1

Iim ———
z—1 z—1

o (z+1)P -1
lim
z—0 T

. (z+1)° -1
lim —
z—0 x

. (z+1)° -1
lim ———
z—0 xZ

lim —(y)5 —1

z—1 y— 1
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Using

=5.1°"1

Question 7

Evaluate the Given limit.

Solution

Ans. At x = 2

" — g

The value of the given rational function takes the form
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lim — na™ !
r—a £ —a
. 3x2—2—10
hm _—
r—2 $2 — 4
0
0
o 3x2—2x—10
lim 5
r—2 xr° — 4

(x —2)(3z + 5)
-2 (x—2)(z+2)

3z +5
=2 T+ 2
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Question 8
Evaluate the Given limit.

Solution

Ans. At x = 2

3(2) +5
212

. z* — 81
lim

-3 222 —bx — 3

The value of the given rational function takes the form
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. xt — 81
lim
z—3 222 —bhx — 3

(x — 3)(z + 3)(x® + 9)

ao3 (z-3)(2z +1)

. (z+3)(z" +9)
lim

(34 3)(32+9)
(2(3) +1)
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Question 9
Evaluate the Given limit.

Solution

Ans. Given,

Question 10
Evaluate the Given limit.

Solution

Ans. Atz =1
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6 x 18

108

. ar+b
lim
z—0 cx +1

lim ——
z—0 cx +1
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The value of the given rational function takes the form

0
0
1
Put ze = x So,
z—lasxz — 1
Than,
1
.oz —1
lim —
z—1 2% 1
Cox2—1
lim
z—1 ¢ —1
Using
.ot —a" _
lim —— = na" !
r—a XL — Q
=2.1°7"
=2
Question 11
Evaluate the Given limit.
az® +bx +c

im ——M
z—1 cx? + bz +a

a+b+c#0

Solution

Ans. Given,

ExameElite - examelite.com

examelite.com

Page 7 of 73



ExamElite - Textbook Solutions

o axr’+br+c
lim

z—1 cx2 +bxr+a

at+b+ec
ct+b+a
=1
(a+b+c#0)
Question 12
Evaluate the Given limit.
s+3
lim
r—>—2 T+ 2
Solution
Ans. Given,
o t3
lim
z——2 T+ 2
At = —2

The value of the given rational function takes the form

0

0

1 1

141
lim = 2
-2 T+ 2
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Question 13

Evaluate the Given limit.

Solution

Ans. Given,

Atz =0

()

zs—2 T+2

lim
r——2

S

sin ax

lim
z—0 bx

. sinax
lim ——
z—0 bx

The value of the given rational function takes the form
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0
0
sin ax . sinax
= lim
z—0 bZL’

axr
ax
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z—0=axr—0

e (59)

Question 14
Evaluate the Given limit.

Solution

Ans.Given,

Atz =0

a
— x1

o e

sin ax

z—0 sinbx

sin ax

lim —— a,b# 0

z—0 Sin bx

The value of the given rational function takes the form
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sin ax ) X ax

. sinazx . azx
lim ——— = lim
z—0 SIn b(B x—0 ( sig;ﬂ: ) % ba:

. sin ax
hma:c—>0 ( ax )
X

a
b : sinazx
limy, o | =5y

r—0=axr —0
z—0=bx—0

a " 1
b 1
i (52) =1
a
b
Question 15
Evaluate the Given limit.
sin(m — )

lim
eor (m — x)

Solution

Ans. Given,

sin(m — )

zor (T — )

[z - 7= (mr—x) — 0]
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sin(m —z) 1
1m = — lim
zom (m — x) T (r—2)—0
S .o (252 = 1]
1
T or
Question 16
Evaluate the Given limit.
COSZT
lim
z—0 T — T
Solution
Ans. Given,
. COSX
lim ——
=0 T — &
cos 0
Tm—20
1
T
Question 17
Evaluate the Given limit.
. cos2z—1
lim ——

Solution

Ans. Given,
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z—0 cosz — 1
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. cos2x —1
lim ——
z—0 cosx — 1

Atz =0

The value of the given rational function takes the form

0
0
. cos2x—1 . 1 — 2sin?z — 1
lim ——— = lim
z—0 cosx —1 z—0 1 — 2sin2§ -1
2
. 9 sin“x % .’132
. sin"x . x?
lim — = lim
z—0 sin z z—0 sin2?
2 2 z?
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Question 18

Evaluate the Given limit.

Solution

Ans.Given,

Atz =0

examelite.com

axr + xrcosx

lim -

z—0 bsinz

. ar + rcosT
Iim ———
z—0 bsinx

The value of the given rational function takes the form

lim
z—0

1 .
— 11m
b z—0
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ar + xcosx 1

. z(a+cosx)
= —lim ———=
b z—0

bsinx sinx

—1im( ’ )xlim (a + cos z)
b:l:—>0

sin z—0

1

x lim (a + cos z)

. sin x z—0
lim; 0 ( "

1
7~ (a + cos0)
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i (%) =1

a+1

Question 19

Evaluate the Given limit.

lim zsecx
z—0

Solution

Ans. Given,

lim zsecx
x—0

Z

lim
z—0 COST

cos0

=
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Question 20

Evaluate the Given limit.

Solution

Ans. Atz =0

sin ax + bx
im ——————
z—0 ax -+ sinbx

a,b,a+b+#0

The value of the given rational function takes the form

and
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(limm—mo

sinaz

0
0

sin ax + bx
im ———
z—0 ax -+ sinbx

axr

(sinam) axr —|—b$

lim

220 gz + bx (M)
bx

) x lim, o (az) + lim, o (bz)

lim, ,y ax + lim,_,¢ bx (limzﬁo

[z — 7= az — 0]

[bz — 0]

lim, .o (az) + lim, o (bz)

lim, .o ax + lim,_,¢ bx

sin bx

bx

)
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m () =1

lim, .o (az + bz)

lim, .o (ax + bz)

lim (1)

z—0

Question 21
Evaluate the Given limit.

lim (cosecx —cotz)
z—0

Solution
Ans. Atz =0

The value of the given rational function takes the form

oo — 00

lim (cosecx —cotx)
z—0

. 1 cos T
lim - — =
z—0 \ sinzx sin x
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. 1—cosz
lim (| ————
z—0 s

= o

Question 22
Evaluate the Given limit.

. tan2x

lim —
s

Ty L — 5
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Solution

Ans. Given,

E—y
A'[w—2

. tan2x
lim
z—0 T — —

The value of the given rational function takes the form

ExameElite - examelite.com

[:c—>£,y—>0]

2
. tan2z . tan2<y+5)
lim — = lim
z—0 T — > y—0 Yy
_ tan(mw + 2y)
lim ——
y—0 Yy
. tan2y
lim
y—0 Yy

[tan(7 + 2y) = tan 2y|

sin 2y
im ———
y—0 Yycos2y
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. sin 2y 2
lim X
y—0 2y cos 2y

. sin 2y . 2
lim x lim
y—0 2y y—0 \ COS2y

ly — 0= 2y — 0]

2
1 x
cos 0
llim (smx) _ 1]
z—0 X
2
1x —
1
2
Question 23
Find lim, ,o f(z)and lim, ,; f(z), where
2z + 3
(@) = { 3(x+1)
z <0
z>0
Solution
Ans. Given.
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2z + 3
7@ ={ 3011

<0
x>0
lim f(z) = lim [2z + 3]
z—0 z—0
2(0) +3=3
lim f(z) = lim [3z + 1]
z—0 z—0
3(0 + 1) =3
Therefore,

limw%O_ f(iL‘) = linla:%O+ f(iE) = limmﬁo f(m) =3
lim, ., f(z) =lim, y(x+1)=3(1+1)=6
Therefore,

lim, ,;+ f(z) =lim, ;- f(z) = lims—1 f(z) =6

Question 24

Find lim, ,; f(z), where

<1
z>1

Solution

Ans. Given,

ExameElite - examelite.com
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rz <1
rz>1

lim, ;- f(z) =lim,_; (x> -1)=1>-1=1-1=0
So, it is observed that
lim, ;- f(z) # lim, ,;+ f(x)

Hence, lim, ,; f(x) does not exist.

Question 25

Find lim,_,o f(z), where

lz|
f(w) = T
0
x#0
z=0
Solution
Ans. Given
l=|
f(z) =
0
x#0
r=20

1ima)%07 f(w) = limx%Of [%]

—Z
lim (—)
z—0 €T

when x is negative, x| = —x
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lim (—1)
z—0
—1
1ima)%0+ f(w) = limx%OJr [%]
tim o (2)
when x is positive, |z| = x
1
lim, ., f(x)# lim, ,+ f(z)
Hence, lim, .o f(x) does not exist.
Question 26
Find lim,_,o f(z), where
flz) =1 =l
0
x#0
x=0
Solution
Ans. Given

x#0

ExameElite - examelite.com
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lim, o~ f(z) = lim, - [ﬂ

—&
lim (_)
z—0 T

when x is negative, x| = —x

lim (—1)
z—0
—1
lim, o+ f(z) = lim, o | ]
e (2)
when x is positive, |z| = z
lim (1)
z—0
1

lim, ., f(z) # lim, - f(z)

Hence, lim, ,o f(x) does not exist.

Question 27
Find lim, ,5 f(z), where f(z) = |z| — 5

Solution

Ans. Given,

f(z) =z =5
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lim,_5- f(z) = lim, 5~ (2| - 5)

=lim, ,5 (x —5) when x s positive, |z| = z

lim,_,5 f(z) = lim, 5+ (|2 —5)
=lim, .5 (x — 5)

when x is positive, |z| =

=5—95

=0

lim, .- f(z) =lim, . f(z)

Hence, lim, 5 f(z) =0

Question 28

(a+bz z<0
Suppose f(z) =< 4 z = landiflim, ,; f(z) = f(1)what are possible values of a and b?

b—ax z>1

Solution

Ans. The given function is

a+bxr <0
flz) =<4 z=1
b—azx = >1

lim, ,;- f(z) =lim; 1 f(az +bx) =a+b
lim, ;- f(z) =lim, ,; f(b—az)=b—a
£(1) =4

Given

lim,—1 f(z) = £(1)
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lim, ;- f(z) =lim, ,;+ f(z) =lm, 1 f(z) = f(1)
a+b=4andb—a =4
On solving,we get

a=0andb=14

Question 29

Let al,a2,...... an be fixed real number and define a fuction

flz) =(x—a1)(z —a2)....(x — an)

What is lim,_,,, f(x) ? For some a# al, a2,.....,an. Compute lim,_,, f(x).

Solution
Ans. Given,
f@) = (z—a)(@ —ap)....(z — ay)
M, o, f(z) = limea, [(z — a1)(z — a2). ... (z — an)]

(ay — a1)(ay — ap). ..... (a1 — a,) =0
Therefore,
lim, ., f(z) =0
Now, lim, »q f(z) = limy a [(z — a1)(z — a2). . .. (z — an)]

(a1 — a1)(ay — ap). ..... (a1 — ay)

Therefore,
lim, ., f(z) = (a1 —a1)(a; — ag)...... (a1 — ay)
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Question 30
If
lz| +1
f(z) =140
lz| -1
<0
=20
z>1
For what value (s) of does lim,_,, f(x) exists?
Solution
Ans. Given,
|z| + 1
flz)=40
z[ —1
z <0
Tr =
z>1
Whena =0
lim f(z) = lim (Jz|+1)
z—0" z—0"
lim (—z+1)
z—0"
when x is negative, |z| = —x
=0+1
=1

lim f(z)= lim (lz| + 1)

z—0" z—0
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lim (z —1)

20"
when x is positive, |z| =
=0 -1
=1
Here, lim, ., f(z) # lim, ,+ f(x)

lim, .o f(x) does not exist.

When
lim f(z) = lim (|z| +1)
z—a’ z—at
a<0
lim f(z)= lim (|z|+1)
r—a T—a
lim (—z+1)
r—a
[z <a<0=|z|=—z
—a-+1

lima)%a’ f(w) = Hrnac—)a+ f(il?) =-a+1

Thus, limit exists at x = a, where

a<0
When

a>0
lim, .- f(z) =lim,_,, (2] +1)
=limg o (—2 — 1) 0<z<a=|z|=z

=—a—1

ExameElite - examelite.com
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lim, e f(z) = lim, e (2] +1)
lim, , (—z — 1)
=a—1

lim, o f(z) = lim, 0 f(z) =a—1

Thus, limit exists at x = a, where

Thus lim, ,, f(z) exists for all @ # 0lim,_,;

Question 31

If function f(x) satisfies,

lim
z—1
, evaluate lim,_,; f(x)
Solution
Ans. Given,
lim
z—1

_ limgyy (f(z)—-2)

T lim, g (z2-1) =7

=limg 1 (f(z) — 2) = 7wlimg 1 (2% — 1)
=lim, . (f(z) - 2) = w(1* — 1)
=lim; ,; (f(z) —2) =0

=lim,_,; f(z)—lim,,; 2=10

=lim, 1 f(z) —2=0

lim, ,; f(z) =2

ExameElite - examelite.com

a>0

flz)—2
2—1

fa) -2

2 —1

0<z<a=|z|=z

= T.

examelite.com
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Question 32
mzl+n <0
fflz)=¢nzx+m 0<z<1

ned+m z>1

For what integers m and n does lim, o f(z) and lim,_,; f(z) exists?
Solution

Ans. Given,

mz:+n <0
flx)=<¢nz+m 0<z<1
nz® +m = >1

lim f(z) = lim (mz? + n)
z—0 z—0

=m(0)° +n

=n

lim, .+ f(z) = lim,_, (nz + m)
=n(0) +m

=m

Thus, lim,_,+ f(x)exists if m=n
lim,_;- f(z) = lim; 1 (nz + m)
=n(1) +m

=m+n

lim, ;- f(z) = lim,_,; (nz® +m)
=n(1)* +m

=m—+n

lim, ;- f(z) =lim, ,;+ f(z) = lime1 f(2)

Thus, lim,,_.; f(z)exists for any internal value of m and n
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Exercise 12.2

Question 1

Find the derivative of

atx = 10
Solution

Ans: Let f (z) = 2% — 2

Accordingly,
. f(10+h)—f(10
fl (10) — ].lmh_>0 %
[(10+h)*~2] - (10*-2)
= lim A
h—0
~ lim 10%4+(2x10xh)+h*—2-10%+2
h—0 h
— lim 20h-+h’
h—0

= lim(20 + h) =20+ 0 = 20
h—0

Thus, the derivative of 2 — 2at = 10is 20

Question 2

Find the derivative of zat x = 1
Solution
Ans: Let f (z) =z

Accordingly,

. 1+h)—f(1
£ (1) = Timy, g LEEI

ExameElite - examelite.com
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= lim (H:)fl = lim%
h—0 h—0
= lim(1) =1
h—>0( )

Thus, the derivative of zat x = lis 1

Question 3
Find the derivative of 99xat x = 100

Solution

Ans: Let f (z) = 99z

Accordingly,
f! (100) — limy, g f(100+h})L—f(100)
h)— h—
~ lim 99(100+ )h (99x100) — lim (99x100)+9: (99x100)
h—0 h—0

= lim 2% = lim(99) = 99
h—0 h—0

Thus, the derivative of 99zat x = 100is 99

Question 4
Find the derivative of the following functions using the first principle.

(i). z® — 27

(i) (z — 1) (z — 2)

(iii). =

(iv). &

Solution

Ans: Let f (z) = z® — 27

Accordingly, from the first principle,

ExameElite - examelite.com
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fz+h)—f(=)

7' (2) = limy, o 2EH0 I
[(x+h)3—27] —(a*—27)
= lim -
h—0

34 B34 8.2 2.3 .
— i h3e :’Lgmh . — lim (h2 + 322 + 3:I;h)
h—0 h—0

= 0+ 322+ 0 =322

Ans: Let f(z) = (z — 1) (z — 2)
Accordingly, from the first principle,

. z+h)—f(z
' (&) = limy g LI

(z+h—1)(z+h—2)—(z—1)(z—2)

= lim -

h—0

. (a:2+hm72x+hx+h272hfmfh+2)7(1272a:fa:+2)
= lim -

h—0

. hz+hz+h?—2h—h . 2hz+h2—3h
= lim ( - ) _ lim %

h—0 h—0

= lim(2z +h — 3) = 2z — 3
h—0

Ans: Let f (z) = =

T

Accordingly, from the first principle,

. x+h)—f(z
f' () = Timy, o LD

1 1
. @ 22 : 2 (z+h)’

h—o b h—o b | 22(z+h)?

— lim 1 |:x2:n22hmh2:| — lim 1 |:h22h93:|

hso P | @2@th)? | RS0 b | 22(eth)?
— lim —h*-22 | _ _0-2z

h—0 | #2(z+h)* 22(z+0)°

—2
g
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z+1
z—1

Ans: Let f (z) =

Accordingly, from the first principle,

i (.’L‘) — limy,_q f(z+h)—f(z)

( z+htl a1 )

- lim r+h—1 z—1

h—0 h

.1 [ (=D (z+h+1)—(z+1)(z+h-1)
= ;lllir(l) h | (z—1)(z+h—1) ]

. 1 I (m2+hx+w7m7h71)f(m2+hx7:ﬂ+m+h71)
= ,lllf(l) h (z—1)(z+h—1)

.1 —2h
= ,lllﬂ% 7| (ml)(a:Jrhl)]

. —2 o —2
e ,lllg(l)[(m—l)(m—kh—l)] = e-)(@-1)
o =2

(z-1)°
Question 5

mlOO $99 x2

For the function f (z) = - + 45 +.... +5 + 2 + lprovethat  f'(1) =100f'(0)

Solution

Ans: The given function is,

fla)=20 + 2 4T a1
d 100 m99

T :I}2
Ef(m)za[m-l—w-l-....—f-?—i-x-i-l]

d d 100 d 99 d 2 d d

n—1

On using theorem % (nx"‘l) = nx" ", we obtain
d 99 98
S f@) = B+ E 4140

=29 4 2%+ 4z +1
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Atz =0,
F0)=1
Atx =1,

F) =174 1% 1+ 1 =1+ 1 1+ 0emms
=1 x100 =100

Thus, ' (1) = 100’ (0)

Question 6

Find the derivative of " + az™ ! + a2z 2+..... +a™ 1z + a™ , wherea is some fixed real number.

Solution

%f (x) = d% (" +az™ '+ a2 P+ +a" 'z +a")

da) | A ) L de)

2
= dz +a dz ta

: d (n) —
On using theorem —-(z") = nz

So, we obtain
fli@)=n"'+an—-1)z"?+a*(n—2)z" *+....+a" ' +a" (0)

@) =nz"t+ra(n -1z 2 +a*(n—2)z" 3+... +a" !

Question 7

For some constants aand b, find the derivative of the following functions.
@. (x —a) (x —b)

(b). (az? +b)*
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Solution

Ans: Let f (z) = (x — a) (z — b)

= f(z)=2>—(a—b)z+ab

L (x) = %(:ﬁ — (a+b)z + ab)

= L (2%) — (a +b) - () + - (ab)

On using theorem %(m") = nx" !, we obtain

@) =2 — (a+b)+0—2z—a—b

Ans: Let, f (z) = (az® + b)2

= f(z) = a’z* + 2abx? + b*

L (2) = % (a2x4 + 2abx? + b2>
= a2%(a¢4) -+ 2ab% (332) + %bZ

4 (zn) = nz™1, we obtain

On using theorem o

f'(z) = a® (43:3) + 2ab (2z) + b’ (0)

= 4a2z% 4 4abx = 4ax (aa:2 + b)

Ans: Let, f (z) = —

By quotient rule,

(2-b) - (-a)— (z—a) = (a-1)

(z—b)*

' (z) =

(z—b)x1—(z—a)x1
(z—b)’

rz—b—x+a a—>b

(@-b)°  (z—b)

ExameElite - examelite.com

examelite.com

Page 36 of 73



ExamElite - Textbook Solutions

Question 8

7a’n'

Find the derivative of mefor any constant a

Solution

By quotient rule,

(e-a) 2 (e"—a")~(@"-a") £ (o-a)

f'(z) =

(z—a) (nx"’l —0) —(z"—a")

(z—a)*

(z—a)”

nz"—anz" '—z"+a"
- 2

(z—a)

Question 9

Find the derivative of the following functions

A.
3
2 — 1
B.

. (52® + 3z — 1) (z — 1)
C.

.z73(5+ 3x)

D.

.z (3—6z?)

Solution

Ans: Let f (z) = 2z — %

fl@) =2 (20— )

ExameElite - examelite.com
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Ans: Let f (z) = (52° +3z — 1) (z — 1)

By Leibnitz product rule,

I'(2) = (5933+333—1)%($—1)+(x—1)%(5m3+3m—1)

= ((52® +3z—1) x 1) + (z — 1) (5 x 32® + 3 - 0)
= (52® + 3z — 1) + (z — 1) (152% + 3)
= bz° + 3z — 1+ 152° + 3z — 152° — 3

= 20z° — 152° + 62 — 4

Ans: Let, f(z) =z 3 (5 + 3z)

By Leibnitz product rule,

f'(z) =27°L(5+3z) + (5 + 3z) = (z7°)
= z73(0+3)+ (5+ 3z) (3z371)

=323+ (5+3z) (—3z71) =323 — 15274 — 923

— 62% 15z 4= 327 (2 + g) — 232 (95 1 5)

= ;—3(5 + 2z)

Ans: Let, f (z) = x° (3 _ 633_9)

By Leibnitz product rule,

fl(z)=2"L (362 + (3627 La°
= 25{0—6(-9)z %'} + (3 - 627) (52%)

= ° (54z 1) + 15z* — 302° = b4z 5 + 15z* — 3025
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= 24z7° + 152% = 152 + %5

(e). z* (3 — 4z79)

Ans: Let f (z) = z~* (3 — 4a79)

By Leibnitz product rule,

fll@)=a 4L (3-427%) + (3—427%) L (a7%)
=2 {0-4(-5)z "'} + (3 -427°) (—4)z~ !
= 274 (20279) + (3 —4z75) (—4z %)

= 20210 — 122 % + 16219 = 36210 — 1225

36 12
=0 T

2 T
() z+1 3x—1

. 2 2
Ans: f($) z+1  3z—1

fl@) =4 (3) -+ (55)

By quotient rule,

' (z) =

(z+1) = (2) 2= (z+1) B (3z—1) = (2?) —22 L (321
(z+1)* (3z—1)

N l(m+1)(0)2(0)] B {(3901)(%)12(3)]

(z+1)° (3z—1)°

. -2 _ l6w2—2x—§w2] _ -2 _ l3w2—2€:|
(z+1) (3z—1) (z+1) (3z—1)

-2 z(3z—2)

(z+1)° (3z—1)°

Question 10

Find the derivative of cos xfrom the first principle
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Solution
Ans: Let f (z) = cosx

Accordingly from the first principle,

h—0 h
— lim [ cos(z+h)—cos(z) ]
h—0 h
— lim [ cos z cosh — sin z sinh — cos x ] — Lim [ — cos z(1—cosh) sin z sinh
h—0 h h—0 h h
= —coszT 11111(%) —sinx 1im<512h>
h—0 h—0
We know, lim % = (0 and lim % =1
h—0 h—0
= f'(z) = —cosz x 0 —sinz x 1
o f (x) = —sinz
Question 11

Find the derivative of the functions below:
(i). sin x cos x

(ii). secx

(iii). 5secx + 4 cosx

(iv). cos ecx

(v). 3cot z + 5 cosecr

(vi). 5sinz — 6cosx + 7

(vii). 2tanx — 7secx
Solution

Ans: Let f (z) = sinz cos

Accordingly, from the first principle,

ExameElite - examelite.com
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! (3 — Lig @R @)
f'(z) lim ===

sin(z+h) cos(z+h)—sin z cos z

= lim -

h—0

= lim % [2sin(x + h) cos(z + h) — 2sin z cos z]
h—0

= lim £ [sin2(z + h) — sin 2z
lim L [sin 2 (2 + ) — sin2

= lim -~ [2 Cos

2x+2h+2 . 2x+2h—2
- r+2h+2x sin T+ T }
h—0

2 : 2

1 d+2h . 2h] s 1 :
= }Lli% o [2 cos ——.sin < } = }Llil(l) 5 [cos(2z + h) sinh]

sinh

= lim cos(2z + h). lim ==
h—0 h—0

= cos(2z + h) x 1 = cos 2z

Ans: Let f (z) = secx

Accordingly, from the first principle

7' (@) = lim £E 1

h—0
. sec(z+h)—secx
= llm -
h—0
.1 1 1 _ q:. 1 [ cosz—cos(z+h)
= ;lllir(l) h {cos(ac—i—h) cosm:| o ,lllir(l] h [ cos z cos(z+h)
B . z+a+h . z—z—h
1 . 1 —2Sln( 3 )sm( 5 )
= lim -
cosz p7 o h cos(z+h)
1 [ -2 sin(—h;h) sin(%)
= lim =
cosT o b cos(z+h)
. —h)
sm| —
_9gin [ 2zth (2
2 h
T
i COS T h];]:}é 2h COS(Q‘,’+h)
sin(i) sin (—2”h )
1 . 2 . 2
= o7 lim lim -
h—0 (%) h—o cos(z+h)
= x1x 2L —gecrtanz
cosT cosT
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Ans: Let,
f(x) =bsecx +4cosx

Accordingly, from the first principle,

! () — Tigg L@ -1
f'(@) h—0 h
lim D sec(z+h)+4cos(z+h)—[5secz+4 cos z]

= h—0 h
— 5lim [sec(:c—&—f;b)—sec z] 1 4lim [cos(x—&—f}LL)—cos z]

h—0 h—0

: 1 1 1 : 1
= 5}1}3{1} - [COS(Hh) — Cosx] + 4%12% —[cos(z + h) — cos z]

. 1 [ cos z—cos(z+h) . 1 . .
= 5lim + [—] + 4 lim + [cos z cosh — sin z sinh — cos z]

h—0 cos z cos(z+h) hoso

72sin(w) sin<_—h) _ .

5 1. 1 2 2 . (1—cosz) . . h

= sz }lli% h cos(z+h) +4|—cosz }llli% S zlim Slirzl
h—0
. 2z+h Sin<%h>
Sm( 2 ) B

5 1. 2 )

= —— }LILI(I) pre— +4[—cosz (0) —sinx (1)]
. h . 2x+h
smy| - sin

= —>_|lim <2) limM —4sinz

cosz |70 (g) h—o cos(z+h)

= 5 x ST w1 _Aginz = H5secxtanz — 4sinz
COosT COos T
Ans: Let f () = cosecz

Accordingly, from the first principle,

fz+h)—f(x)

I .
f' () = lim
( ) h—0
: 1 _ 13 1 1 1
:>11m—[cosec(x+h)—coseca:]—l1m—[. - = ]
hoo P hoo P Lsin(z+h) sinz
z+x+h s z—x—h
. 1 [ sinz—sin(z+h) ] 1 2COS( 5 )sm( > )
B0 sin z sin(z+h) hoo sin z sin(z+h)
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2z+h . —h
1 2 cos(T) s1n(7>

= lim =

hoo P sin z sin(z+h)
- =h
ey (F)
e ( 2 ) B
I :
= hlir(l) sin z sin(z+h)
. —cos(zx;h> . sin(%)
= lim sin z sin(z+h) lim h
h L3
h=0 770 (2>
= (ﬂ> x 1= —cosecz cot x
sinzsinz

Ans: Let f (z) = 3cotx + 5 cos ecz
Accordingly, from the first principle

. h)—
fl (:L') — 11111 f(‘z'+ })l f(l‘)

= lim +[3 cot(z + h) + 5cosec (z + h) — 3cot  — 5 cos ecz]

h—0 b

.1 1
= 3lim —|[cot(x + h) — cot x| + 5 lim —[cosec (z + h) — cos ecx]

h—0 h h—0 h
: 1 1 1 [ cos(z+h) CcOs T
Now, ,lllir(l) h [COt(w + h) — cot $] _ }ILIL% n |: sin(z+h) " sinz :|

. cos(z+h) sin z—cos x sin(z+h . sin(z—z—h
;»hml[ (z+h)sina ( >]:1 ;[,ﬁ )]
hoo P sin z sin(z+h) hs N Lsinzsin(z+h)

. sin(—h . i .
= lim % [#] = lim Sl}r;h.hm [é]
"0 sin z sin(z+h) "0 h— L sinzsin(z+h)

1 -1 2
= —1x SrmEh) © e T cosecr ... (2)

. 1 . 1 1 1
lim —|cosec(x + h) — cosecz| = lim +— — =
h—0 h[ (z+h) | h—o M Lsin(z+h) sz

z+z+h . z—x—h
. 1 2cos( 5 )sm( 5 )
= lim -+ —
hoo sin z sin(z+h)

= lim % [
h—0

sin z—sin(z+h) :|

sin z sin(z+h)

sin<_—h)
2
— cos ( 21;}1 )

1 ZCOS(%) sin(%)
= lim + — = lim ———
hoo P sin z sin(z+h) h—0 sin z sin(z+h)
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— cos( 22th sin( &
= lim M lim (2) _ ( —cosz >.1
h—o \ sinzsin(z+h) | ;70 (g) sin z sin z
= —cosecxcotT ...... (3)

From (1), (2), and (3), we obtain

f'(z) = —3 cosec’z — 5 cos ecx cot x

Ans: Let f (x) = bsinz —6cosz + 7

Accordingly, from the first principle,

. fla+h)—f(z)
/ pu— ]_
/@) hs0 h

= lim%[Ssin(az%—h) —6cos(z+h)+7—5sinz+6cosz — 7|
h—0

=5 }lllir[l) %[Sin(m + h) —sinz| — f)’illiir(lJ %[cos(m + h) — cos z]

— 5 lim 1 _2 COS ( z+h+ax ) ) sin( r+h—x )i| — 6 lim [ cos  cosh — sin  sinh — cos x ]
-0 P L 2 2 h—0 h

] [ . . _ 1— h)—si inh
= 511m% 2COS<2m2+h>.Sln<%>] —611m{ cos z CO;) sin z sin ]
h—0 " L h—0

= 5 lim 1 COS( 2:D2+h) sin(%) _ 6lim [ — cos z(1—cosh) B sinxsinh]
) h—0 h h

h—0 b I (

. h
= 5 [lim cos( 2z +h ) lim (2> — 6 |—cosz [ lim =% ) _ gin gz ( lim S2b
h—0 2 h—0 (%) h—0 h h—0 h

= 5cosz.1 —6[(—cosz).(0) —sinz.1]

| >

= Hcosx +6sinx

Ans: Let f () = 2tanx — Tsecx

Accordingly, from the first principle,

- fa+h)~f(@)
! —1
f'(w) = lim ==

= lim %[2tan(a: + h) — Tsec(z + h) — 2tanz + 7 sec z]
h—0
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= 2lim +[tan(z 4+ k) — tanz] — 7 lim ~[sec(z + h) — sec z|
h h
h—0 h—0
1 [sin@th)  sing Lo 1 1
= 2 }lllir(lj h | cos(z+h) cosT 7}:1)% h | cosec(z+h) cos ecT
— 91im 1 [ cos z sin(z+h)—sin z cos(z+h) | — 71lim 1 cos z—cos(z+h)
hoo P L cos z cos(z+h) hoo I | coszcos(z+h)
B ) -—2sin z+z+h sin z—x—h
. h— .
— 2 lim 1 sinx+h—x ] — 7lim 1 ( ) ( )
h—o P | coszcos(z+h) hoo P cos z cos(z—+h)
. —2sin( 2 ) gin( L
— 2 1nn(smh) 1 ~ 7lim (52)n(3)
hso\ R cos z cos(z+h) hoo P cos z cos(z+h)
. h . 2z+h
) . ) _ osin( 3 sin =
= 2| lim sinh lim — 1 |- 7| im # #
hoo P hs( COsz cos(z+h) h—0  E h—s( COsTcos(z+h)
1 o sin _ 2,
= 2X1IX1IX —ree = 7 (1 X —COSMOS:C) = 2sec’z — Tsecxtanx

Miscellaneous Exercise

Question 1

Find the derivative of the following functions from first principle:

(i) -x
(ii) (—x) "

(iii) sin(x + 1)

] s
(iv) cos (x — g)

Solution

Ans: (i) Let f(x)

—ax. Accordingly, f(x + h) = —(z + h)

By first principle, f'(z) = limp_0

—(z+h) - (-2

= limy, 9

ExameElite - examelite.com
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y —xz—h+zx

=lm, ;0 ————
h

_ 1' _h

= limy_,o(—1) = —1

—-1 —1
—= ?.Accordingly, f(x+h) = (z + h)

(i) Let f(z) = (—=z) !

By first principle,

fl(x) = lim,, ;o

Ly 17 -1 1
_lmhﬁoh_(x#—h)_ x
i 1'—w+(w+h)}
= lim,, o —
“Oh z(x + h)

f(z+h) - f(z)
h

_1 1] h
— 0 | z(z + h)

(iii) Let f(x) = sin(a + 1). Accordingly, f(xz + h) = sin(x + h + 1)

By first principle,

fl(w) = lim,, 9

flx+h) - f(z)
h

1
= limp 0 —[sin(z + h 4+ 1) — sin(z + 1)]

) [ z+h+14+2+1\  /z+h+1—-—2z-1
= lim,,_,yp — |2 cos 5 sin 5

) 1 2c+h+2\ . [(h
:hmn_ﬂ)ﬁ 2 cos — s sin 3

=

>
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h

sin| —

2z + h + 2 (2>
2 h
(2)

n(3)

sin| —

1 (2m+h—|—2> ) 2
_— hmb

= lim,,_,y —cos
h

= lim,,_, cos(

lAsh—>0:>%—>O]

2 2 h h
2" 5)
2 2 i
= cos(ﬂ) -1 [limh_m SmE 1]
2 T
= cos(xz + 1)
(iv)Letf(x) = cos (:c — %)Aceordingly, f(z + h) — cos (a: +h — %)
By first principle,
r+7J)— Jlx
(@) = tim, o JED I
. 1 T T
= limy,_,q - [cos(x + h — g) — cos(a: — g)]
i 0 T 0 0
h——+z—— xr+h———-—z+ =
1 (=+ )
= lim,,_,yg — | —2sin 8 8 sin 8 8
h 2 2
= lim,,_,q > —2sin — sin(;)
i "
2z +h — % s1n(§)
= lim,, .0 | —sin 5 N
2
. (h
(on 5] (e h
= lim,,_¢ | — sin limr ———— [Ash—>0= = —0
K 3 ) KL (h> )
2 _
2
2z +0— —
— —sin| —— % |1
2

= —sin(m — %)
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Question 2

Find the derivative of the following functions (it is to be understood that a, b, c, d. p, q, r and s are fixed
non-zero constants and m and n are integers): (z + a)

Solution

Ans: Let f(x) =  + a. Accordingly. f(x + h) — x + h + a By first principle,
f(z+h) = f(z)

f’(a:) = limn_>0

h
) r+h+a—x—a
limy, o
h
li L
=1
Question 3

Find the derivative of the following functions (it is to be understood that a, b, c. d, p, g, 7 and s are fixed

r
non- zero constants and m and 7 are integers): (px + q) (— “+ s)
X

Solution

Ans: Let f(z) = (pz + q) (% + s)

By Leibnitz product rule.

f(=) = (p:r:+Q)< )
—(pm+q)( —|—s) +<

—(pz + q) (—nz (
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—px T T
x xr2 x
qr
bs — 22
Question 4

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
non-zero constants and m and n are integers): (ax + b)(cx + d)?

Solution
Ans: Let f'(z) = (azx + b)(cz + d)?

By Leibnitz product rule,

f'(z) = (azx + b)i(cm +d)? d

- - (ax + b)

(azx + b)i (Pz? + 2cda?) + (cz + d)zi(ax + b)
dz dz

d o, d d , , [ d d
(ax + b) %(caz)—i—%(%dm)—k%d]—k(c:p—kd) %ax—F%b

= (az + b) (2’ + 2cd) + (cz + d)*a

—2c(az + b)(cx + d) + a(cz + d)?

Question 5

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
ax+ b
cx+d

non zero constants and m and n are integers):

Solution

ar+b

Ans: Let f(z) = e
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By quotient rule,

;o #0,1

examelite.com

d d
(cx + d)—(az +b) — (ax + b)—(cz + d)
(@) = dx dx
(cx + d)?
_ (cz +d)(a) — (az + d)(c)
B (cx + d)?
acx + ad — acx — bc
(cxz + d)?
ad — bc
(cx + d)?
Question 6
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, r and s are fixed
1
1+ —
non-zero constants and m and 7 are integers): )1{
1— =
X
Solution
- 1 z+1
z o 1
Ans: Letf(z) = 1 T = xfl = ztl,wherex#o
T T
d d
(z—1)—(x—1)—(z+1)—(x—1)
By quotient rule, f'(z) = dz du
’ (z — 1)
z—1)(1) — (z+ 1)(1
IR R CERM )
(z —1)?
r—1—ax—1
0,1
(a3 o 1)2 7x % Y
— .,z #0,1

(z —1)
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Question 7

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, 7 and s are fixed
1

ax? 4+ bx+c

non-zero constants and m and n are integers) :

Solution

1

Ans: Let f(z) = R B,

By quotient rule,

d d
2 o 2
(az® + bz + ¢) —1) - = (az® 4 bz + )

(az? + bz + ¢)’

f'(z) =

(az?® + bz + c) (0) — (2az + b)
(az? + bz + c)’
—(2ax + b)
(az? + bz + ¢)°

Question 8
Find the derivative of the following functions (it is to be understood that a, b, c d, p, g, r and s are fixed
] ax+b
non-zero constants and m and n are integers):
px?+qgx+r
Solution
ar +b
Ans: Let f(z) =
pr?+qx +r

By quotient rule,

d d
(pz? + qz + 1) %(am—l—b) — (am—i—b)%(me +qz + 1)

fla) =

(pz? + gz +7)’
(pz® + qz + ) (a) — (az 4 b)(2pz + q)
(px® + qr + 1“)2

apz? + agx + ar — aqx + 2npz + bq
(px2 + qz + 1)’
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—apx? + 2bpzx + ar — by
(pz? + qx + r)2

Question 9
Find the derivative of the following functions (it is to be understood that a, b, c. d, p, q, 7 and s are fixed
px’+qx+r

non-zero constants and m and n are integers):
ax+ b

Solution

_ pxPtqr+r
N ar+b

Ans: Let f(x)
By the quotient rule,

(ax + b) d

d
. %(px2+qw+n)—(pa:2—|—qm+’r) E(am—l—b)
f(z) = (ax + b)2
(az +b)(2pz + q) — (pz* + gz +7) (a)
(ax 4 b)?
_ 2apz® 4 aqx + 2bpx + bg — agx® — aqx — ar
B (ax + b)?
apz? + 2bpz + bg — ar
(ax 4 b)?
Question 10
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, 7 and s are fixed
non-zero constants and m and n are integers): % — % + cosx
X X
Solution
a b
Ans: Let f(z) = — — — +cosz
T T
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a d d
a%(m ) — b% (.’,82) + E(COS .’L’)
—a (—4z75) — b (—22%) + (—sinz) i(:t:”) =nz" ! and i(cos )= —sinz
dr dz
—4a 2b .
o + ; —sinx
Question 11

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, r and s are fixed
nonzero constants and m and n are integers): 4\/>_c —2

Solution

Ans: Let f(x) = 44/ — 2

d ! 1 .
—4—|z2 | —-0=4]| =22
dx 2

- 2
= 2$_ 2 e
x
Question 12

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
non-zero constants and m and n are integers): (ax + b)"™

Solution
Ans: Let f(z) = (az + b)". Accordingly, f(z + h) — {a(z + h) + b}" — (axz + ah + b)"

By first principle,

f(z+h) — f(z)
h

f’(.’L‘) = lim,, ;o
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(ax + ah + b) — (ax + b)"

= limy, .9 N
ah \"
(az + b) (1+ a:c—l—b) — (az + b)
= limy,_,o n

B Byl 1| ) ah n(n —1) ah \? ) _
= (ax +b) im0 - +n p——” + 5 p—— s — (using

binomial theorem)

-+ - - - (Terms containing higher degrees of

1 ( ah >+ n(n — 1)a2h?

= (axz + b)" lim, o —

h|\azx+b 2(az + b)?

h)l

» na | nln— DFR
= (az + b)" lim,, g (az 1 0) + 2az L b e

. na
= (axz + b) [—(ax ) + O}

(az + b)"
=nga———
ax +0b

—na(az + b)" !

Question 13
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, r and s are fixed
non-zero constants and m and n are integers): (ax + b)”(cx + d)™

Solution
Ans: Let f(x) = (ax + b)"(cx + d)™

By Leibnitz product rule,

f'(z) = (ax + b)"%(cw +d)™ + (cx + d)mdix(am +p)"
Now let fi(z) = (cz + d)™

filx +h) =(cx+ch+d)™
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fll(m) = lim,, ;o

(cx +ch+d)™ — (cx +d)™

) -

fi(z +h) = fi(z)
h

= lim,, .9

1
= (cx + d)" limy 0 — - (1 +

1 m(m —1)  ?n? "
- d)™ li 1 L) -1
(cx + d)™ limp—0 — o ( + ca:+d 5 (cz + d)? + ) ]
1] meh m(m — 1)c?h?

= (cx + d)™ lim,, 0 -

h)l

-+ - - - (Terms containing higher degree oh

I (cz + d) * 2(cx + d)?

= (cx + d)™ limy, .

mce m(m — 1)c*h?
(cwtd) | 2ewtdr

— (Cz + o)™ {% +0]

me(cx + d)™
(cz + d)

= mc(cz + d)™!

d m—1
12 —(cx + d)™ = md(z + d)

i(am +b)" = na(az +b)" .. (3

Similarly, d
T

Therefore, from (1), (2), and (3), we obtain
f'(z) = (az + b)" {mc(cz + )™ '} + (c + d)™ {na(az + b)" '}

= (az + b)" (cz + d)™ [mc(az + b) + na(cz + d)]

Question 14

Find the derivative of the following functions (it is to be understood that a, b, c. d, p, g, 7 and s are fixed
non-zero constants and m and n are integers): sin(x + a)
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Solution
Ans: Let, f(z) = sin(x + a)

f(z + h) =sin(z + h + a)

flx+h) - f(z)
h

By first principle, f'(x) = lim,, g

sin(x + h + a) — sin(z + a)
h

) 1 zr+h+a+z+a\ . [z+h+a—z—a
= lim,,_, 2 cos sin

— hmn—>0

h 2 2
) 1 2c+2a+h\ . [h
= lim,,_, N 2 cos — 5 sin 2

h
sin| —
Y 2z +2a+h ( 2 )
= limp—o | COS 5 h
2

h
sin| —
2m+2a—|—h> <2>

h
[Ash—0= - —0

) -limh 5

0

2 2 i
= COS(M> x 1 [limnﬁo SmT 1]
x

= limy,_,g cos<

2

= cos(x + a)

Question 15
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
non-zero constants and m and n are integers): cosec X cot x

Solution
Ans: Let f(z) = cosec z cot ©

By Leibnitz product rule,

f'(z) = cosec z(cot z)" + cot z(cosecz)’....(1)
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Let f1(z) = cot x. Accordingly, fi(z + h) = cot(z + h)

By first principle,

f(z+h) - f(z)

n — 1
f (x) 1My 0 h
) cot(z + h) — cot(x)
= limy, 9
h
o 1 [cos(x+h) cos(x)
= A0 h sin(z + h) ~ sinz

= lim,, 0 —

B
1(sin(az—az+h)>

Syt -
TS0 B\ sing sin(z + h)

1 1{ sin(—h) }

- limj, —
sinzn0 R sin(z + h)

_ -1, sinh ) (. 1
“ sz \ 0 TR HHin=0 sin(z + h)

-1 1
— 1. (lim, g —————
sin ( Hin=0 sin(z + 0) )
-1

sin?

1 /sinzcos(z + h) — cosxsin(x + h)
sin z sin(z + h)

= — cosec? x

o (cotz) = —cosec’z ...(2)

Now, let fa(x) = cosec . Accordingly, f2(z + h) = cosec(x + h)

fa(z + k) — fo(z)
h

By first principle, fo(z) = lim,, .

= limy,_,o E[cosec(w + h) — cosec(z)]

I 1 1 1
= lim — —
n=07p, sin(x + h) sin

1 (sinw - sin(:c—l—h))

Syt =
Hiin—0 sin z sin(z + h)

h

ExameElite - examelite.com
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[ x+xz+h\ . [x—xz—h
2cos| ——— ) sin[ ———
1 5 1 2 2
~sinz 0 sin(z + h)
i 2c+h\ . [ —h
2cos| ——— | sin| —
1 y 1 2 2
“sine 0 sin(z + h)

([ h 2z + h
. | sin| 5 oS 5

— -1 :
Hih=0 ( h ) sin(z + h)

sin x
2

. (h 2z + h
1 sin| 3 Ccos 5

= - lim —— . lim,

(2)
L (=)

- 1 —
sin z sin(z + 0)

—1 CcCos T

sinx sinz

= —cosecx - cot x

.. (cosecz)' = — cosecz - cot x

From (1), (2), and (3), we obtain

f'(z) = cosec z (— cosec® ) + cot z(— cosec z cot z)

= — COSGC3 T — CO'G2 L COsSeC T

Question 16
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
COS X
non-zero constants and m and n are integers): ———
1+ sinx
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Solution

COS T

Ans: Let f(.’L‘) = m

By the quotient rule,

: d d .
(1 + sin w)%(cos z) — (cos x)%(l + sin z)

o) —
fiz) = (1 + sinx)?

(1+sinz)(—sinz) — (cos z)(cos )

(1+ sinx)?
_ —sinz — sin® & — cos® &
(1 + sinz)?
—sinx — (sin2 T + cos? a:)
(1+ sinx)?

_ —sinz—1
~ (1 +sinz)?

—(1 —sinx)
~ (1 +sinz)?
B —1
(1 +sinz)?
Question 17

examelite.com

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, r and s are fixed

Solution

sinx + coszx
sinx — coszx

Ans:17: Let f(z) =
By the quotient rule,

(sinz — cosx)

f'(z) = da

) sinx + cosx
non-zero constants and m and n are integers): ——
SInX — COS X

(sinz + cosz) — (sinz + cosz) —(sinz — cos x)

ExameElite - examelite.com

(sinz 4 cosx)?

Page 59 of 73



ExamElite - Textbook Solutions examelite.com

(sinz — cosz)(cosz — sinz) — (sinx + cosz)(cosx + sin )

(sinx + cos x)?

—(sinxz — cos z)? — (sinz + cos z)?

(sinz + cosx)?

s 2 . .2 .
— [SlIl $+COSZ$—2SIII$COS$+SIH $+COS2$+2SIH$COSZL‘]

(sinx + cos x)?
—[1+1]
(sinz — cosx)?
-2
(sinz — cosx)?

Question 18
Find the derivative of the following functions (it is to be understood that a, b, ¢, d. p, g, 7 and s are fixed
. secx — 1
non-zero constants and m and n are integers): —
secx +1
Solution
sect — 1
Ans: Let f(r) = ———
f(@) secx + 1
1
—1
f(CC): cos _ 1 —cosz
1 14 cosz
+1
COsS T
By the quotient rule,
d d
(1+cosz)—(1—cosz)— (1 —cosz)—(1+ cosx)
, dx dr
f(z) = 2
(1 + cosx)
(14 cosz)(sinz) — (1 — cosz)(—sinz)
(1 + cosx)?
_ sinz + coszsinz +sinz — sinz cosx
(1 + cosx)?
B 2sinx
(14 cosz)?
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2sinx 2sinx

(1+ 1 )2 (secz + 1)2

sec x sec? ¢

2 sin x sec?

(secz + 1)2

Z

__cosx
(secx + 1)2

B 2secrtanx
~ (secz +1)2

Question 19

examelite.com

Find the derivative of the following functions (it is to be understood that a, b, ¢, d. p, g, 7 and s are fixed

non-zero constants and m and n are integers): sin" x
Solution
Ans: Lety = sin" z

Accordingly, forn = 1,y = sinx

dy od
.. —— =CosZ,ie, ——sinx =cosx
dx dx
_ — win2
Forn = 2,y = sin” x.

gy ~d .
= —(sinz sin x)

dz ~ dx
= (sinz)’ (sinz + sinz(sinz)’  (By Leibnitz product rule)
=coszsinz + sinz cosx
= 2sinx cosx
(1)
Forn =3,y =sin®z

dy d

S A P s 2
“ dr da (SlIliESlIl w)

ExameElite - examelite.com
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= (sinz)’ sin® z + sin z(sinz)’

(By Leibnitz product rule)

—coszsin®z + sinz(2sinzcosz) [Using (1)]
. 92 . 92

= CcosSZSsIn” -+ sin” £ cosx

— 3sinzcosz

(n=1)

We assert that o (sin” ) = nsin T CoS T
x
Let our assertion be true forn = k.
d
e, — (sink :1:) = ksin®* VY zcosz ... 2
dx
Consider,
d & d
. k41 ) _ ( . . (k) )
—(sin""" xz) = — (sinxsin"" x
dx ( dx

= (sinz) sin® z + sin (sink zr:)n

(By Leibnitz product rule)

— coszsin® z + sinz (k sin®*~! cos m) [ Using (2)]
= cos z sin® & + 2sin® z cos x

—(k+1)sin* zcosz

Thus, our assertion is true forn = k + 1.

n—1)

Hence, by mathematical induction, d—(sin” z) = nsin™ Y zcos

X

Question 20

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, 7 and s are fixed
a-+ bsinx

non-zero constants and m and n are integers):
c+dcosx
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Solution

a+bsinz
Ans: Let f(z) = c+dcosz

By the quotient rule,

d . . d
(c—l—dcos:v)%(a—f—bsmx) — (a—!—bsmx)%(c—l—dcosm)

o) —
fiz) = (¢ + dcosx)?
(c+dcosz)(bcosx) — (a + bsinz)(—dsinz)
(c+ dcosz)?
_ cbeosx + bdcos® z + adsinz + bd sin®
(c+ dcosx)?
becosz + adsina + bd (cos? z + sin® z)
(C + dcosz)?
_ becosz + adsinz + bd
B (¢ + dcosx)?

examelite.com

Question 21
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
sin(x + a)
non-zero constants and m and n are integers): ———
CcosX
Solution
sin(z + a)
Ans: Let f(x) =
cosx
By the quotient rule,
d . ) d
cos x——[sin(z + a)] — sin(z + a)——cos z

, B dr dr

f (x) - 2
cos“x
d .. : d :
cos x——[sin(z + a)] — sin(z + a)——(—sinx)

PN dr dr

f (w) - 2
cos“x

Let g(z) — sin(z + a). Accordingly,g(x + h) = sin(z + h + a)
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By first principle,

g(z +h) — g(x)
h

g'(z) = limp_

—_

= lim, ,o —[sin(z + h + a) — sin(x + a)]

>

) 17 r+h4+a+z+a\ . [z2+h+a—z—a
= lim,,_,0 — |2 cos sin
h | 2 2
o 1'2 2 +2a+h\ . [ h)\]
= limn 0 _ cos 5 sin 5 |

-~

h )
sin| =
2:1:—|—2a+h> (2)

= lim,,_, cos( . .
5 Vs

h

sin| —

2x+2a+h) _ <2)
T limg 0 § ————

h
[Ash—0=—+—0

= lim,, 0 cos< 5

2x + 2a ) sin h
=|lcos— | x1 lim,, .o =1

=cos(z+a) ...(i)

cos z cos(z + a) + sinz sin(x + a)

From (i) and (i), we obtain f'(z) = 5
cos?

cos(z +a — x)

cos? x
cosa

cos? x

Question 22
Find the derivative of the following functions (it is to be understood that a, b, ¢, d. p, g, 7 and s are fixed

non-zero constants and m and n are integers) : x4(5 sinx — 3 cos x)
Solution

Ans: Let f(z) = z*(5sinx — 3 cos z)
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By product rule.

d . d
fl(z) = x4%(55mx —3cosz) + (bsinx — 3cosx)% (z4)

=z |b—(sinz) — 3i(cos z)| + (5sinz — 3 cosz)— (z*)

dx dz dz
= z4[5cosz — 3(—sinz)] + (5sinz — 3cosz) (423)

= z*[5x cosz + 3z sinz + 20sinz — 12 cos ]

Question 23
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r and s are fixed
non-zero constants and m and n are integers): (x2 + 1) CcCOos X

Solution
Ans: Let f(z) = (2® + 1) cosz

By product rule.

f,(x) = (332 + 1) %(COS :c) -+ cos xd;dx (332 + 1)

= (2 + 1) (—sinz) + cos z(2z)

— —2%sinz —sinz + 2z cos

Question 24

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, r and s are fixed
non-zero constants and m and n are integers): (ax2 + sin x) (p + gqcosx)

Solution
Ans: Let f(z) = (az® + sinz) (p + gcos z)

By product rule.

d d
f'(z) = (az? + sinz) d—(p + gcosz) + (p + gcos x)d—(ax2 + sinz)
T T
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= (az’ +sinz) (—gsinz) + (p + gcos z)(2az + cos )

= —gsinz (az’ + sinz) + (p + gcos z)(2az + cos z)

Question 25
Find the derivative of the following functions (it is to be understood that a, b, ¢, d. p, ¢, r and s are fixed
non-zero constants and m and n are integers): (x 4 cosx)(x — tanx)

Solution
Ans: Let f(x) = (z + cosz)(z — tan z)

By product rule,

fl(z) = (z + cosx)%(w —tanz) + (x — tana‘:)%(m + cosx)

= (z + cos x) i (z) — %(tana:)} + (x — tanz)(1 — sinx)

= (z + cosx) _1 — %(tanx)} + (z — tanz)(1 — sinz)

Let g(x) = tan . Accordingly,g(z + h) = tan(x + h)
By first principle,

g(z +h) —g(x)

g"(z) = lim, A
tan(z + h) — tan(zx)
= limp 0
h
5 1[sin(z+h) sinz
= ]_mn —_ —
" h | cos(z +h) cosz
. 1 [ sin(z 4+ h) cosx — sinx cos(z + h)
= lim,, ;0 —
h{ cos z cos(z + h)
1 5 1 [sin(z +h —x)
" Ccoszn 0 MR | cos(z + h)
1 ) 1[ sinh
= —limy — | ———
cos zh—0 h | cos(x + h)
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1 I sin h 5 1
" cosz \ 0Ty o0 cos(z + h)

1 1
~ cosz  \ cos(z + 0)

1

cos? x

=sec’z ... (i)

Therefore, from (i) and (ii). We obtain
f'(z) = (z + cosz) (1 —sec’z) + (z — tanz)(1 — sinx)
= (z + cosz) (—tan?z) + (z — tanz)(1 — sinx)

= —tan? z(x + cosz) + (z — tanz)(1 — sinz)

Question 26

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, ¢, 7 and s are fixed
4x + 5sinx

non-zero constants and m and n are integers):
3x + 7cosx

Solution

B 4x + 5sinx

Ans: Let f(l’) = m

Quotient rule,

d , _ d
(3z + 7cosx)%(4m + 5sinz) — (4= + 551naz)%(3w + Tcosz)

fi) = (3 + Tcosx)?

d d . . d d
(32 + 7cosx) 4%(32) + 5%(s1n z)| — (4dx + 5sinx) 3%(3;) + 7%(cos )

(3z + 7cosx)?

(3z + 7cosz)[4x + 5cosz] — (4 + 5sinz)[3 — Tsinz]
(3 + Tcosx)?

12z + 15z cos x + 28z cos x + 35 cos? @ — 12z + 28w sinz — 15sinz + 35 (cos® z + sin® z)
- (32 + 7cosx)?
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15z cosx + 28 cosx + 28z sinx — 15sinx + 35 (cos2 x + sin? ac)

(3 + 7cos x)?

B 35+ 15z cosx + 28cosx + 28xsinx — 15sinx
B (3z + 7cosx)?

Question 27
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed
s
x? cos(z)
non-zero constants and m and n are integers): ——
sin x
Solution
T
z? cos (—)
4
Ans: Let f(x) =
sinx
d d
sinz— (2°) — 2> — (sinz)
. p ™ dzx dx
By quotient rule, f'(x) = cos| — —
4 siIn” x

7\ | sinz(2z) — z*(cos z)
— con(Z) [ S22
4 sin®

™ .
Z cos Z[2 sinz — x cos x|

sin’

Question 28
Find the derivative of the following functions (it is to be understood that a, b, c. d, p, q, r and s are fixed
X
non-zero constants and m and n are integers): ——
1+ tanx
Solution
T

Ans: Let f(x) = ———

f(@) 1+tancx
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(1+ tanx)%(az) — (m)%(l + tan x)

(1+ tanz)?

d
(1+tanzx) — m%(l + tan x)

fle) = (1+ tanz)?

Let g(x) = 1 + tan . Accordingly g(x + h) = 1 + tan(z + h).

g(z +h) — g(z)
h
1+ tan(z + h) — 1 — tan(z)
N

By first principle, g(x) = lim,, g

limy,_,

5 i SiIl(:IJ -+ h) sin
Hin=0 | cos(x +h) cosz

=

_ 1 'sin(m—i—h)coszc—sin:z:cos:c(a:—l—h)]
hmn—>0

h cos(z + h) cosx

1] sin(z+h—2x) ]

li —
Hhn—=0 7 | cos(z + h)cosz |
y 1 sinh 1
imp,_o —

PO, | cos(x + h) cosz |

I sinh y 1
=0 T Hiin0 cos(z + h) cos x

2

—1 x =sec’x

cos?

= %(1 +tan’z) = sec’z

From (i) and (ii), we obtain
~ 1+tanz — zsec’ z

/@)= (1+ tanx)?

Question 29

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed
non-zero constants and m and n are integers): (x + sec x)(x — tan x)
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Solution
Ans: Let f(x) = (z + secz)(xz — tanx)

By product rule.

f(z) = (x ~|—secx)%(m —tanz) + (z —tanx)%(a: + secx)

d d d d

—(x + secz) [%(:p) — %tanw] + (z — tanz) l%(m) — Esecm}

—f(z + sec ) ll — %tanzc)} + (z — tanz) [1 + %sec :c]

Let f1(z) = tanz, fo(x) = secx
Accordingly, fi(z + h) - tan(x + h) and fo(z + h) — sec(x + h)

filz +h) - f1($)>
h

F1(@) = limyso (

tan(z + h) — tan(z) ]

= limp .0 [ n
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, 1 [sin(x +h) sinz
- hmn%O 7 -
h | cos(x+h) cosz
) 1 [sin(z + h) cosz — sinz cos z(x + h)
- hmn%0 -7
h | cos(x + h) cosx
i 1[ sin(z+h —x)
Hin=0 g, | cos(x + h) cosz
y 1 sinh
o0 T | cos(z + h)cosz

y sinh 5 1
o0 T Hiin0 cos(z + h) cosz

2

—1 x —=sec’x

cos?

= i(1 + tan? :1:) —sec’x

p (j)x: AL LY

N (sec(az + h})l — sec() )

L 1 1 1
— 0 g cos(z +h) cosz

i 1 [ cosz — cos(z + h)
— 0 g cos(z + h) cosz
(x+xz+h {(x—x—h
—2sin| ——— | - sin| ———
1 5 1 2 2
~ cosz 0 M cos(x + h)
[ 2x+h . [ —h
—2sin -sin| ——
1 i 1 2 2
" cosz h0 cos(z + h)
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sin (

2z +h

h
"2

"

1

COS T

1

limy, ;o —

il

:)

examelite.com

h cos(x + h)

. [ h
sin[ —
) (2z+h ) 2
lim,, ,osin| ——— lim ¢, _
2 =0 (h)
2

2
=secx -
lim,, ,o cos(z + h)
sinx -1
=secy  ——
cos T
d
= —secx = secxtanzx
dx

From (i). (ii), and (iii), we obtain

f'(z) = (z +secx) (1 —sec’z) + (z — tanz)(1 + secx tan z)

Question 30

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, 7 and s are fixed

non-zero constants and m and 7 are integers):

sin" x
Solution
T
Ans: Let f(x) = —
(x) sin” x
. d a . .
sin"x—zx — z—sin"
. , dx dx
By quotient rule, f'(z) = 5
sin“" x

. . . n—1
It can be easily shown that —sin" £ = nsin™ "z cosz

dx

Therefore,
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sin X —x — x—sin"' &
dx dx
fl(z) = >

sin

"

sin"x-1—=x (nin"f1 X COS :c)
2

sin™
sin" ! z(sinz — nx cos x)
2

sin“" x

SiInT — NT cosx
1
n—+ T

sin
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